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INFORMATION FOR CONTRIBUTORS/ SUBSCRIBERS ; 
Jñanābha is published annually. It is an interdisciplinary journal devoted primarily to 
research articles in all areas of the mathematical, physical and biological sciences; it 
does however, encourage original mathematical works which are motivated by and relevant 
to applications in the social, management, biomedical or engineering sciences. Papers intended 
for publication in this journal should be in typed form or offset-reproduced (not dittoed), A4 
size double spaced with generous margins and they may be written in Hindi or English. 
: Manuscripts in duplicate (hard copy along with soft copy typed in MS word/Page 
d Maker), mentioning 2000 Mathematics Subject Classification, Key Words and authors 
- 7 — E-Mail addresses also on front page, if possible, may be submitted to either of the 
Editors. Ii is mandatory for every author in Jian abha to be a member of the Vijñana Parishad 
of India in good standing and to pay publication charges which will be based upon the number 
of printed pages. 

The submission of a paper implies the-author's assurance that the paper has not been 
widely circulated, copyrighted, published or submitted for publication elsewhere. 

Authors are advised to submit only neatly (and carefully) type-written and throughly 
checked manuscripts employing accepted conventions of references, notations, displays, etc.; 
all typescripts notin a format suitable for publication in this journal will be returned unrefereed. 

25 reprints are provided free for each article; additional reprints, in multiples of 25 may 
be obtained at cost price, if the authors give prior intimation while returning proofs. 

Effective with Volume 34 the price per volume is Rs. 200.00 (or U.S. $25.00). Individual 
members of the Vijríana Parishad of India are entitled to free subscriptions to the current 

j issues of this journal. Individual membership: Rs. 100.00 (or U.S. $20.00) per calender year; 
Life membership : Rs. 1000.00 (or U.S. $200.00). Back volumes are available at special price. 
(Payment of dues by cheques must include appropriate bank charges.) 

__ [Byareciprocity agreement with the American Mathematical Society, an individual/ 
life member of the Parishad residing outside North American continent may join the Society 
by submitting an application for membership on the form that may be obtained from the office 
of the Society (RO. Box 6248; Providence, Rhode, Island 02940, U.S.A.) and by paying 
the Society's current dues as a reciprocity member at a considerably reduced rate; the usual 
requirements that the applicant be endorsed by two members of the Society and that the 
candidate be elected by the Council are waived, but this reduction in dues to the Society does 
PED, 2 Se individual/life members of the Parishad who reside, even on a temporary 

, orth American area (i.e., USA and Canada). 
The mathematical content of this journal is indexed in the Society's biweekly Current 


Mathematical Publications and is reviewed, among others, by Mathematical Reviews 
(US.A), Zentralblatt für Mathemat 
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This Volume of 
 Jnanabha 
is being dedicated to honour 
Professor S.P. Singh 
on his 70% Birthday 
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Jnanabha, Vol. 37, 2007 
(Dedicated to Honour Professor S.P Singh on his 70" Birthday) 
PROFESSOR S.P. SINGH : AS A MAN AND MATHEMATICIAN 
By 
R.C. Singh Chandel 
Secretary, Vijfiana Parishad of India, 
D.V. Postgraduate College, Orai-285001, U.P, India 


Professor S.P Singh needs no introduction. He is a remarkable man, a 
towering mathematician, a major topologist and well known eminent figure of 
'non-linear Analysis: Approximation Theory and Fixed Point Theory. We feel great 
honoured to introduce Professor S.P Singh, who is very well actively associated 
with Jnanabha family since 1980. He was honoured by "Distinguished Service 
Award" of "Vijhana Parishad of India" in Silver Jubilee Conference of the 
Parishad held at Parishad Head Quarters : D.V Postgraduate College, Orai, 
U.P, India in May 1996, for his distinguished services rendered to Mathematics 
and Vijiiana Parisahd of India. 

It is modest tribute at the occasion of his 70th Birthday Celeberations, 
when he has been elected as Honorary Fellow of Vijriana Parishad of India (EVPI.) 
during 12th Annual Conference of VPI held at J.N.V. University, Jodhpur 
(October 25-27, 2007). 

Professor Singh, the ocean of generosity has inspired and helped many 
students, teachers and collegues to accept multidimensional challenges of physical 
realty. 

PROFESSOR S.P SINGH WITH HIS FAMILY MEMBERS 
Ancestral (Native) Place : Gopiganj, Varanasi, Uttar Pradesh, India 
(Exact Place of Birth) 


Date of Birth : Jan 27, 1937 

Father : Late Sri Mahadeo Singh 
Mother : Late Smt. Dharma Devi 
Brother : Brahm Din Singh 


: Uma Shankar Singh 
- Late Professor K.L. Singh (Univ. of Fayetteville 
' State University, N.C. U.S.A.) 


Wife : Smt. Suman Singh 

Son : Manoj Singh 

Daughter-in-law : Tanuja (D/o Dr. Panjab Singh Former V.C., B.H.U.) 
Daughter : Indu Sudha (Anesthsia) 

Son-in-law : Abhay Kumar (Psychiatric) 

Grand Son : Shivank (S/o Manoj) 


Grand Daughter, Gurukul Kinpriyanka (Die duds Sudha) 
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PROFESSOR S. P. SINGH AT A GLANCE 


. Sankatha Prasad Singh 
Area . 150 Hedgerow Place, London, ON, Canada N6G5H9 


Rm : Physics Department University of Western Ontario, 
London, Canada; N6G3K7 
Telephone - (519) 6612111 Ext. 86455 (Office) 
(519) 6727540 (Home) 
Fax : (519) 6612033 
Email : spsingh@math.mun.ca 
ssingh@morgan.ucs.mun.ca 
ssingh2@uwo.ca ssingh55@rogers.com 
Qualifications 
B.Sc. : 1957 (Agra University), Agra, India) 
M.Sc. : 1959 (Banaras Hindu University), Varanasi, India) 
Ph.D. : 1964 (Banaras Hindu University, Varanasi, India) 
Teaching Experience 
Banaras Hindu University Lecturer 1959-63 
Univers; v of Illinois, USA Lecturer 1963-64 


Wayne state University, USA Asstt. Professor 1964-65 
University of Windsor, Canada Asstt. Professor 1965-67 
Memorial University, Canada Assoc. Professor 1967-72 


Memorial University, Candad Professor 1972-2002 
Shawnee State University, USA Adjunct Professor (shorter visit-a few times: 
2000-02) 


University of Western Ontario, Visiting Professor 2002-continued 
Membership 

American Math. Soc, Canadian Math. Soc, Allahabad Math. Soc., Indian Math. 
Soc; Insi. of Math. € Its Applications, Vijñana Parishad of India, Bharat Ganita 
Parishad, Poorvanchal Academy of Sciences, Unione Mat Italiana, Indian Academy 
of Mathmatics, Soc. of Special Functions & Applications. 

Fellowship 

Fellow vi the Inst. of Math. & Its Applications, (FIMA (UK)) 

Fellowship of the National Academy of Sciences, India (EN A. Sc) 

Fellowship of the Allahabad Math. Society (FALMS) 

Fellowship of Vijñána Parishad India (FVPI) 

Editor 

Bulletin, Vijiiana Parishad of India 

Foreign Editor 

Journal :.£ Natural and Physical Sciences 
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Member 

Council of the Allahabad Mathematical Society 

Member Editorial Board 

Ganita (Bharat Ganita Parishad), Poorvanchal Academy of Science, Jnanabha 
(Journal Vijriana Parishad of India), Epsilon Journal of Mathematics, Far East J. 
of Math Sci., Intern. J. of Sci. & Eng., Journal of Inequalities in Pure and Applied 
Math (JIPAM), Lecture Notes: Allahabad Math Society, Vikram J. of Mathematics, 
Varahmihir J. of Math Sci., Nigerian J. of Math Sci., Southeastern Asian J of 
Math & Math Sciences, Australian J. of Math Analysis & Appl. (AJMAA), Oriental 
J. of Mathematics, Global J. of Math & Math Sc. (GJMMS), Intern. J. of Pure & 
Appl. Math Sciences (JJPAMS), Intern. J. of Math Sciences., Chhatisgarh J. of 
Mathematics and engineering, . Journal of Fixed point Theory 

Member Advisory Board 


1) Indian Academy of Mathematics 
ii) Nigerian Journal of Scientific Research 
iii) International J. of Special Functions and Applications 


Member Research Board of Advisors 

The American Biographical Institute 

Reviewer 

Mathmatical Reviews, USA; 

Zentrablatt fiir Mathematik, Germany 

Director-Nato-Advanced Study Institute 

i) Approximation Theory - 1982-83 

ii) Nonlinear Functional Analysis - 1984-85 

ili) Approximation Theory, Spline Functions & Applications- 1990-91 

iv) Approximation Theory, Wavelets & Applications - 1994-95 

Project Leader 

NATO- International Research Group - 1980-82. 

Research Field 

Approximation Theory, Fixed point Theory (Nonlinear Analysis), Variational 

Inequalities, Special Functions, Mathematical Economics. 

Research, in part, has been supported by NSERC (Natural Sciences and 

Engineering Research Council, Canada) NATO (North Atlantic Treaty 

Oraganization), CNR (Italian Research Council), Canadian Math Congress, 

University Grants Commission, India and Memorial University, Secretary of State, 

Government of Canada. 

Books and Proceedings 

l. Lecture Notes on Fixed-point Theorems in Metric and Branch Spaces, 
Matscience, MAd kI Kah opCdléion, Haridwar. An eGangotri Initiative 
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9. Proc. Intern. Conf. on Nonlinear Ce & Applications, Marcel Dekker, 
o 465 (with J. Burry). 
3 Ni » v tal Methods in Nonlinear Analysis, Contemp. Math., 
| American Mathl. Soc. (1983), p. 218 (with S. Thomeier and B. Watson). 
4. Proc. NATO-ASI on Approximation Theory & Spline Functions, D. Reidel 
; Publ. Co. (1984), p. 485(with J. Burry and B. Watson). | 
5. Proc. Intern. Conf. on Approximation Theory, Pitman Publ. Co., London, UK 
(1925), P. 264. 
6. Proc. NATO-ASI on Nonlinear Functional Analysis, D. Reidel Publ. Co. (1986), 
p. 418. 
7. Proc. Intern. Conf. on Solutions of Operator Equations & Fixed Points, The 
Math. Soc. Res. Inst. Korea (1986), p. 250 (with VM. Seghal & J. Burry). 
8. Banach Contraction Principle and its Applications to Integral Equations, 
Memorial University of New Foundland, C-CORE (1988), p. 42 (with J. Walsh). 
9. Proc. NATO-ASI on Approximation Theory, Spline Functions and 
Applications, Kluwer Academic Publishers (1992), P. 475 (with A. Carbone, R. 
Charron, and B. Watson). ' 
10. Proc. NATO-ASI on Approx. Theory, Wavelets and Applications, Kluwer 
Acacemic Publishers (1995), p. 572(with A. Carbone and B. Watson). 
Fixed point Theory and Best Approximation: The KKM-Map Principle, Kluwer 
Academic Publishers (1997), p. 220 (with B. Watson and P Srivastava). 
Proc. International Conf. on Nonlinear Analysis and Its Applications, 


Nonlinear Analysis Forum 6 (2001) p. 275 (with B. Watson). 
External Lectures 


2006: Banaras Hindu University 


4 lectures (Science College, Math. Engineering College, 


Faculty of Management, and Women's College) Math. 
University of Allahabad 


UP Open University Allahabad. 


12. 


Organized a Special Session in the American Math Society and presented a 
. paper. October, 2006, Cincinnati, USA . 
2005 : HRI, India a 
IIT Roorkee, India, 
Intern. Conf. Cetraro, Italy 
2004 : University of Calabira, Italy 
University of Perugia, 
Iniversity of Roma 3, 
ICTP Trieste Italy 
2003 : Universityc6foPergtgid(rgifjolection, Haridwar. An eGangotri Initiative 


da 


2002 


2001 


2000 


1999 


1998 


1997 


1996 


1995 


University of Calabria, Italy 


: Aligarh Muslim University India 


Indian Math. Society Meeting, Jan. 27-31. 

Carleton University, April 5 

University of Calabria, Math Dept. June 18 

Univ. of Calabria, Centre of Num. Analysis, June 19, Italy 
University of Calabria, Italy International Conference on Functional 
Analysis Methods in Economics and Finance, Italy, June 28-July 2, 2001. 
University of Calabria, Italy 

University of Rome, Italy 

University of Torino, Italy 

University of Florence, Italy 

University of Siena, Italy 

University of Perugia, Italy 

Shawnee State University, Ohio, USA 

University of Calabria 

University of Torino 

Shawnee State University (4 lectures) 

University of Torino Italy (2 lectures) 

University of Bari, Italy 

University of Calabria, Italy (2 lectures) 

University of Rome, Italy 

University of Bari, Italy 

University of Calabria, Italy 

University of Torino, Italy 

American Math Society Meeting, Detroit 

R.D. University, Jabalpur, India 

Allahabad Math Society 

University of Seina, Italy 

University of Perugia, Italy 

University of Salerrno, Italy 

University of Rome, Italy 

University of Torino, Italy (Series of 4 lectures) 
Silver Jubilee Conference, Vijriana Parishad of India 
Delhi University, Delhi, India 

FAMA=95, Cosenza, Italy 

University of Calabria, Italy 


University of Perugia, Italy 
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Italian Research Council (CNR), Naples 
University of Catania, Italy 
Banaras Hindu University, India 
Mehta Research Institute, Allahabad, India 
Delhi University, Delhi, India 
IIT Delhi, India 
Panjab University, Chandigarh 
Gurukul Kangari University, Hardwar 
The National Seminar in Math, Bhopal 
Anproximation Theory Conference, Taxas 
1994 NATO-ASI, Maratea, Italy 
University of Calabria, Italy 
University of Torino, Itlay (2 lectures) 
University of Perugia, Italy 
University of Rome, Italy 
Royale Military College, Kingston, Ontario (Colloquium) 
1993 Conf. del Seminario Mat., University of Torino, Italy 
University of Torino, Italy 
Universita di Calabria, Italy 
University of Firenze, Italy 
University of Rome II, Rome, Italy 
University of Rome, Italy 
Universita di Calabria, Italy 
Dalian Institute of Technology, China (Series of 4 lectures) 
Beijing University, China 
1992 Lunknow University, India 
Allahabad Math Society, India 
Udai Pratap College, India 
Banaras Hindu University, India 
University of Torino, Italy (Series of 4 lectures) 
University of Calabria, Italy 
University of Napoli, Italy 
University of Rome, Italy 
1991 University of Bari, Italy 
Italian Research Council (CNR), Napoli, Italy 
University of Milano, Italy 
University of Florence, Italy 
1990 Banaras Hindu University, India 
University of Messinaul kahgri Collection, Haridwar. An eGangotri Initiative 
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University of Calabria, Italy 
Scuola Intern. Superiore di Studi Avanzati (SISSA), Trieste, Italy 
International Centre of Theoretical Physics (ICTP), Trieste, Italy 
1989 Allahabad Math Society, India 
Banaras Hindu University, India 
University of Calabria, Italy 
1988 Fayetteville State University, North Carolina, USA 
Carleton University, Ottawa, Ontario 
Laval University, Quebec City, Quebec 
Lakehead University, Thunder Bay, Ontario 
Concordia University, Montreal, Quebec 
Concordia University, Montreal, Quebec 
University of Milano, Italy 
University of Calabria, Italy 
University of Napoli, Italy 
University of Catania, Italy 
University of Delhi, India 
IIT Bombay, India (series of 4 lectures) 
Mehta Research Institute, Allahabad, India (series of 3 lectures) 
1987 University of Prince Edward Island, Charlottetown, Prince Edward Island 
University of Milano, Italy 
University of Calabria, Italy 
University of Napoli, Italy 
IIT Bombay, India 
Mehta Tesearch Institute, Allahabad, India 
Conferences/Meetings Attended 
2005 Nonlinear functional analysis applications in economies and Finance, 
Cetraro , Italy 
2003 ISAAC Conference, Toronto 
2002 
1. Indian Mathematical Soc. Meeting, Aligarh, India January 27-31, 
2. Vijnana Parishad of India (VPI) Meeting, Delhi, India Feb. 24-26 
3. D.S.T. meeting, Allahabad University, Feb. 12-14 
2001 International Conference on Functional Analysis Mathods in Economics 
and Finance 
2000 
1. Organized a Special Session in Toronto AMS Meeting, September 2000. 
2. Presented a paper in Toronto Meeting. 
3. AttenĝEd Sahak mathe Soo: SówmaciaMesting initiative 


Ez 


4. Attended AMS Annual Meeting, Washington, DC, Jamuan 2000. 
1999 Organized a conference on Nonlinear Analysis and Applications, Canadian 
Mathematical Society Summer Meeting, May. 
1998 American Mathematical Society, Louisville, Kentucky March. 
1997 American Mathematical Society, Detroit, April. 


1 gih Texas Conference on Approximation Theory, January 7-12. 
‘National Seminar in Mathematics, Bhopal, India, March 13-14. 
3. International Conference on Functional Analysis, Methods and 
Applications, Cosenza, Italy, May 27-June 2. 
1994 NATO-ASI on Approximation Theory, Wavelets and Applications, Italy, 
May 16-26. 
1993 1. Conference on Functional Analysis and Applications, Milano, Italy, 
May, 10-14. 
2. Topological Analysis Workshop on Degree Theory, Singularity and 
" Variations, Rome, May 28-31. 
8  NATO-ASI, Montreal, July 26-August 6. 
4. NATO-ASI, Funchal, Madeira, Portugal, August 6-21. 
1992 Allahabad Math Society, February 7-8. 
1991 1. NATO-ASI, Maratea, Italy, April 28-May 09. 


2. Canadian Mathematical Society Summer Meeting, Sherbrooke, May 
29-June 02. 


3. Research Workshop on Topological and Variational Methods, 
Sherbrooke, May 28-June 07. 
4. Second International Conference on Fixed point Theeory, Halifax, June 
9-14. 
1990 1  NATO-ASI on Shape Optimization and Free Boundaries Montreal, 
June 27-July 13. 
2. Conference on Recent Developments in Analysis, Manifolds and 
NOSTER Banaras Mathematical Society, Varanasi, India, January 
m 3. Ontario Mathematical Meeting, St. Catherines, April 18-20 | 
1. p Mathematical Society Annual Meeting, Delhi, December 26- 
2. t | | 


International Conference on A LEE à 
pproximation T a, 
December 15-18. on Theory, Jabalpur, Indi 


3. APICS Meeting, Sackville, New Brunswick, October 27-28. 


International C 
0. 1 : 
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26-30. CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative K 


C—— A 


y 


5, 


ne 


1988 


1987 


11 


5. International Conference on Fixed Point Theory, Marseille, France, 
June 5-9. 

6. NATO-ASI, Columbus, Ohio, May 21-June 3. 

7. American Mathematical Society Meeting, Chicago, Illinois, May 19- 
20 

8. Allahabad Mathematical Society, Allahabad, January 20. 

1. American Mathematical Society Meeting, Atlanta, January 12. 

2. NATO-ASI, Istanbul, Turkey, August 15-18. 

1. Canadian Mathematical Society Meeting, Kingston, Ontario, June. 

2 Learned Societies Meetings, Hamilton, Ontario, June. 

3. American Mathematical Society Meeting, Salt Lake City, Utah, (chaired 
one session), August. 

4. Allahabad Mathematical Society, November. 


Publications 


1. 


11. 


S.P Singh, E. Tarafdar and B. Watson, A generalized Urysohn imbedding and 
Tychonoff fixed point theorem in topological space, Indian J. Pure & Appl. 
Math., 34 (2003) 227-673. 

E.Tarafdar, S.P Singh and B. Watson, Fixed point theorems for some extensions 
of contraction mappings in uniform spaces, J. Math Sci. 1 (2002) 53-61. 

J. Li and S.P Singh, An extension of Ky Fan=s best approximation theorem. 
Nonl. Anal. Forum, 6 (2001), 163-170. 

M. S. R. Chowdhury, E. Tarafdar, S.P Singh and B. Watson, Generalized quasi- 
variational inequalities for Hemi- continuous operators on non-compact sets, 
Nonl. Anal. Forum 6 (2001), 79-90. 

P Kumar, S.P Singh, and S. S. Dragomir, Some inequalitties involving beta 
and gamma functions, Nonl. Anal. Forum 6 (2001), 143-150. 

G. Isac, V. M. Sehgal and S. P Singh, An alternate version of a variational 
inequality, Indian J. Math., 41 (1999), 25-31. 

S. P Singh, E. Tarafdar and B. Watson, A generalized fixed point theorem and 
equilibrium point of an abstract economy, J. Comp. Appl. Math., 113 (2000), 
65-71. 

T. D. Narang and S. P Singh, Best coapproximation in metric linear spaces, 
Tamkang J. Math. 30 (1999), 241-252. 
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in attempting to disprove the converse of the stat 
pair of self-maps is weakly compatible. 
2000 Mathematics Subject Classification : 54H25 
Keywords and Phrases : Weakly compatible self-maps. 

1. Introduction. Let (X,d) denotes a metric space. As a generalization of 
commuting self-maps, Gerald Jungck [2] defined self-maps S and A on X to be 


compatible if lim d(SAx, , ASx, )=0 whenever Ganga is such that lim Ax, 5 


lim Sx, =t for some te X. It is easy to see that if self-maps S and A on X are 


compatible, then ASx=SAx wheneer x e X issuch that Ax = Sx. Self-maps which 
to commute at their coincidence points are known as weakly compatible [3]. In an 
ta attempt to disprove the converse of the statement that every compatible pair is 

weakly compatible, Renu Chug and Sanjay Kumar [1] considered self-maps: 


$c (x =2or x >5) x (x=2) 
Ax = and Sx-412 (2<x<5)forallxeX,, (1) 
6 (2<x<5) : " 
x -3(x» 5). 


where X— [2,20] with usual metric d(x,y)= Ix — y| for all x, y e X . It was claimed 
that the mappings are not compatible. 
The following lines reveals that their claim is not true. The maps A and S 


are, in fact, compatible. For, 
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[29] 
to 


0 @=2) j^ (x =2orx>8) 
d(Sx,Ax)-16 (2<x<5) ,.aq(SAx,ASx)-49  (2<x<5) » 
3 (x»5) 9-x (5<x<8) 


so that d(Sx,, Ax, ) — 0 as n — co whenever (x,). , c X is such that x, =2 for 


all n and hence d(SAx, , ASx,) 0as n>. 


2 (x=2 5 
However, if we redefine A as Ax = | toon) 


a routine computation 
l6 (2«x«5) 


reveals that A and S are not compatible. In this case, x=2 is the only coincidence 
point for A and S at which they commute and hence (A,S) is weakly compatible. 


REFERENCES 


II] Renu Chugh and Sanjay Kumar, Common Fixed Points for Weakly Compatible Maps, Proc. Indian 
Acad. Sci. (Math. Sci), 111(2) (2001), 241-247. 


12) — Gerald Jungck, Compatible Mapping and Common Fixed Points, Int. J. Math. and Math. Sei 
9(4) (1986), 771-779. 
EN 


Gerald Jungeck and B.E. Rhoades, Fixed point for set valued functions without continuity, Indian 
J. Pure Appl. Math. 29 (3) (1998), 227-238. 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


CL — -— 


for 


Jnanabha, Vol. 37, 2007 
(Dedicated to Honour Professor S.P. Singh on his 70% Birthday) 
A NOTE ON PAIRWISE SLIGHTLY SEMI-CONTINUOUS FUNCTIONS 
By 
M.C.Sharma and V.K.Solanki 
Department of Mathematics 
N.R.E.C. Collage Khurja-203131, Uttar Pradesh, India 


(Received : March 15, 2007) 


ABSTRACT 

In this paper we introduce concept of pairwise slightly semi-cintinuous 
function in bitopological spaces and discuss some of the basic properties of them. 
Several eexamples are provided of illustrate behaviour of these new classes of 
functions. 

2000 Mathematics Subject Classification : 54E55. 

Keywords and Phrases : (i,j) clopen set, pairwise slightly continuous, pairwise 
slightly semi-continuous, pairwise almost semi-continuous, pairwise semi @- 
continuous, pairwise weakly semi-continuous, pairwise s- closed, pairwise ultra 
regular. 

1. Introduction. Kelly[5] initiated the systematic study of bitopological 
Spaces. A set equiped with two topologies is called bitopological space. Continuity 
play an important role in topological and bitopological spaces. In 1980, Jain [4] 
introduced the concept of slightly continuity in topological spaces. Recently Nour 
[10] defined a slightly semi-continuous functions as a generalization of slightly 
continuous function using semi-open sets and investigated its properties. In 2000, 
Noiri and Chae [9] introduced a note on slightly semi-continuous functins in 
topological spaces. 

The object of the present paper is to introduce a new class of functions 
called pairwise slightly semi-continuous functions. This class contains the class 
of pairwise continuous functions and that of pairwise semi continuous functions. 
Relations between this class and other class of pairwise continuous functions are 
obtained. 

Throughout the present paper the spcaes X and Y always represent 
bitopological spaces (X,P,,P,) and (Y,Q,,Q5) on which no seperation axioms are 


assumed. Let S~ X. Then S is said to be (i, j) semi-open [8] if S c P; - CI (P 


Int(S)) (where P; -CI(S) denotes the closure operator with respect to topology P, 


and P. ['Int(S) denotes the interior o gi with respec m pelea i P; WA 2, 
ath 
is j) and its complement is called (i, J semi closed The ill Srsection of all (i, j) 


aa. 
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- dee " 1) semi-closure of S and it will be 

semi-closed sets containing S is oe ae e po ee S EM 
denoted by (i, J) $ cic». A subset is p Rm ak nah OK Ana 
Ne o MR GM ] t of a (i, (semi 0-open set 
is the union of (i, J) semi-regular sets and the COTHP Inr. 2 Ji E 
i called (i, j) semi 0-closed. A subset S is said to be (i, j) clopen if S is P;-open 

2 in X. 
En Ze BE denote the family of all (, J) semi-open (resp. [i Opens (i, j) 
ogar and (i, j) clopen of (X, P4, P5) by (SO) (resp. Ro un SRA) 
and (i, J)CO(X)), and denote the family of (i, J) semi-open adr I popen G semi 
regular and (i, j) clopen) set of (X, P, P92) containing x by (i, j)SO(X,x)(resp. Pj (X,x), 
(i, SRQGx) and (i, j)CO(X,x). i j= LÉI dal 

2. Preliminaries. 
Definition 2.1. A function F(X, P pP) >Y, 109) is said to be pairwise-semi 
continuous [8] (p.s.c.) (resp. pairwise almost semi-continuous) (p.a.s.C)[12], pairwise 
semi 0-continuous (p,s,0,C) [12] and pairwise weakly semi-continuous (p.w.s.C.) 


[12)), if for each xe X and for each Ve @,(y,f(x)) there exists U e (i, ;j)SO(X,x) 
such thar /(U)c Vlresp. /(U) c Q; - int(Q; -CIW)) fli, jJsCUU) <Q; - C(V) and 
f(U)= Q, - civ )). 


Definition 2.2. A function f:(X,P,,P,)5(Y,Q,,Q») is called to be pairwise almost 
continuous (p.a.C.) [2] (resp. pairwise 0-continuous (p.0.C.)[1), pairwise weakly 
continuous (p.w.C.)(2] if for each xe X and for each VeQ;-(Y, f(x)), there is Ue P;(X,x) 
such that. fLU) c Q;-Int(Q;- CI(V)) (resp. f(P;-CK(U) c Q¡-CUV), AU) c Q¡-CUV). 
Definition 2.3. (11) A function (GP, P5)5(Y,Q,,Q5) is called slightly semi- 
continuous (p.sl.s.C.)(resp. pairwise slightly continuous (p.sl.C) if for each xeX 
and for each Ve(i, j)CO(Y, f(x)), there exists Ue(i, j)SO(X,x) (resp. Ue P(X,x)) such 
that NU. - V. i, j=1,2 and izj. 5 
A function f:(X,P,,P2)>(Y,Q1,Q9) is said to be pairwise slightly semi- 
continuous (resp. pairwise slightly continuous) if inverse image of each (i, j)-clopen 
set of Y is (i, J) semi-open (resp. P;-open) in X i, j=1,2, ix. 
The following diagram is obtained in [11] : 
pO > pal > pc > pul > p.sl.C 
y y y y y 
psc pasC=> pois. 
diagram 1 
Remark 2.4. It was point out in [11] that pairwise slightly continuity implies 


pairwise +lighltly semi- inui 
Ehitly continuity, but not conversely. Its counter example are not 
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p.w.s.C > p.sl.s.C 


| Jmm 


given in it. 
Example 2.5. Let X- (a, b, c}, P,- (6X, {a},{b},{a,b}}, P5-16,X, fa},fa,b}} and 
let @, 514, X, tah), Q5— (6, Y, {b,c}}. Then the mapping FOGP,P4)5(,Q1,0,) is 
pairwise slihtly semi-continuous but not pairwise slightly continuous for f (tay) 
is (i, /) semi-open and (i, j) semi-closed, but not P; -closed in (X,P,,P,). 
Theorem 2.6. The pairwise set-connectedness and the pairwise Slightly continuity 
are equivalent for a. surjective function. 
Proof. A surjection F(X, P LP) >Q 09) is pairwise set-connected if and only if 
PMR) is (i, j) clopen in X for each (i, j) clopen set F of Y. It is easy to prove that a 
function f:(X,P,,P5)(Y,Q,,Q,) is pairwise slightly continuous if and only if FF) 
is P,-open in X for each (i, j) clopen set F of Y. Therefore, the proof is obvious. 
Theorem 2.7. For a function F(X,P,,P9)>(YQ 1,09) the following are equivalent: 

(a) f is pairwise slightly semi-continuous, 

(b ` f(V)eG, j)SO(X) for each Veli, j)CO(Y), 

(c) f- V) is (i, j) semi-open and (i, j) semi-closed for each Ve(i, j)CO(Y). 

3. Properties of pairwise slightly semi-continuity. 
Theorem 3.1. The following are equivalent for a function F(X,PV,P4)5(Y,Q1,Q,): 

(a) f is pairwise slightly semi-continuous, 

(b) For each xeX and for each (Vier, J)CO(Y.f(x)), there exists Ue(i, j) 
SR(X,x) such that AU) — V, 

(c) For each xeX and for each (V)e(i, /)CO(Y, f(x), there is Ve(i, j) 
SO(X,x) such that Ai, j)sCl(U)) c V. 
Proof. (a) > (b). Let xeX and Veit, j)CO(Y, f(x). By theorem 2.7, we have f-(V)e 
GJ)SR(X,x). Put U=f-1(V)), then xeU and f(U) c V. 

(b) > (c). It is obvious and is thus omitted. 

(c) 2 (a). If Ue(i, j)SO(X), then (i, J)sCI(U)eG, j)SO(X). 
Definition 3.2. A bitopological space (X,P,,P5) is called 
(a) Pairwise semi-T,[6] (resp. pairwise ultra Hausdorff or pairwise UT») if 
for each pair of distinct points x, y of X, there exists a P,-semi-open (resp. P,- 
clopen) set U and a P,-semi-open (resp. P5-clopen) set V such that xeU, yeV and 
Un V6. 
(b) Pairwise s-normal[7] (resp.pairwise ultra normal) if for every P,-closed 
set A and P.-closed set B such that AMB=0, there exist UeSO(X,P) (resp Co(X,P;) 
and VeSO(X,P;)(resp.(X,P;)such that Ac U, Bc V and UAV=6,where i, j=1,2, ij 
(c) Pairwise s-closed (resp.pairwise mildly compact) if every (i,j) semi regular 
(resp.(i, j) clopen) cover of (X,P Po) has a finite subcover. i, j-1,2 and ij. 
Theorem 3.3. If f: KP), P) >R LQ?) is a pairwise slightly semi-continuous 


injection and Y is pairwise UT, ,then X is pairwise semi-T. 
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26 | | 
y NEN : is injective and Y is pairwise UT), fix) 
Proof. Let x,,x; € X and xi». Then since f is fer Se, 
x.) and there exist, V, Veti, COW such that /(x,)e V, MX S 2 OV, 9. 
fx) a Vp ! à; ) E= 
one 2.7. x ef KV leit, j)SO(X) for i2 1,2 and f Vj Inf (V) à. Thus X is 
y The Sieg ; 
pairwise semi-T). 


Theorem 3.4. If [AX P P) > YRR) is a pairwise slightly semi-continuous, 


injecti Y is pairwise ultra normal, then X is pairwise s-normal. 
e. E Ww nx (P,,P,)-closed subsets of X. ence is Py-elosed 
and injective, AF) and D) are disjoint (Q,,@,)-closed EE of Y. awe is 
pairwise ultra normal, RE) and fF) are separeted by dissort Glen pi: Vi 
and P;-clopen Vo, respectively. Hence Ficf (Vj), Teal) SO UU for 1=1,2 from 
Theorem 2.7 and f!(V Dof (V9) 76. Thus X is pairwise s-normal. 
Theorem 3.5. If AX, P pP > (YQ 109) is a pairwise slightly semi-continuous 
surjection and (X,P,,P5) is pairwise s-closed, then Y is pairwise mildly compact. 
Proof. Let (V, IN. )CO(Y),ae v | be a cover of Y. Since f is pairwise slightly 


semi-continuous, by the Theorem 2.7 LION. oe visa (i, j) semi-regular cover 


of X and so there is a finite subset V, of v such that 


SUR) 


uN y 
Therefore, 
Mie Ur. (since f is surjective). 
Thus Y is pairwise mildly compact. 
Theorem 3.6 If F(X, P Po) > YR LQ) is pairwise slightly semi-continuous and 


Y is pairwise UT», then the graph G(/) of fis (i, j) semi 0-closed in the bitopological 
product space Xx Y. 


Proof. Let (x, y) €G(f), then yz f(x). Since Y is pairwise UT, there exists Veli, J) | 
COR y) end We, j) CO(Y, f(x)) such that VAW—6. Since f is pairwise slightly | 
semi-cor tinuous, by the Theorem 2.7 there exists Ueli, j) SR (X, x) such that | 
f(U)c W. Therefore FÑUINV=% and hence (UxV)NG(f)=o. Since 
U e (i, j)SR(X,x) and Ve(i, j) COLY, y), 


(x,y) €Ux V and Ux Ve (ij)SR(X x Y). Hence G(f is (i, j) semi 0- closed. 


Tur 3.7. Hr: (X, Py PAY, Qi, Q5) is pairwise slightly semi-continuous 
ander Qi, Q5) Is pairwise UT», then A= Ire zl If =R) } is Xi, J)semi -9 é 
closed in the bitopological product space X x X. E 
Proof. Let (x1,x5) € A. Then Fx). Since Y is pairwise UT,, there exists Vi : 

i 


E(t, J) CO(Y, fix,)) and Vse (i j SEN 
4 fe CCo. 6 S) C CK e sues hat akn oM asduSince f is pairwise 
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slightly semi-continuous, there exist U U; e (i, j)SR(X) such that x; U, and NU) 
V, for i—- 1,2. Therefore, (xi,x5) eU,» dij , UixU,eti, j) SR(OCX), and (U,xU,)c 
A=. So A is (i, j) semi 8- Ta in mue. product space X x X. 
Definition 3.8. [3] A bitopological(X, Pi, P3) is said to be pairwise extermally 
disconnected if P, -closure of each P,-open set of (X, Pi, Py) is P,-open. 
Lemma 3.9. Let (X, P, P5) be pairwise exteremally ner space, then Ue 
(i, /)SA(X) if and only if Ue (i j)CO(X); i, j21,2 and i ej. 
Proof. Let Ue (i, j)SR(X). Since Ue (i, j)SO( (X),P -CI (U) )- P ¡¿CUP;-Int (U) and so 
P,-CI(U) € PAX). Since U is li, j) semi-closed , P¡-Int (U) =U= P Cl (Uj and hence 
U is (2, j) clopen. The convers is obvious. 
Theorem 3.10. If f : (X, Py, PPA Q, Q») is pairwise slightly semi-continuous, 
and X is pairwise exteremally disconnected then f is pairwise slightly. continuous. 
Proof. Let xeX and Ve(i, j)CO(Yf(x)). Since f is pairwise slightly semi-continuous 
by Theorem 2.7, there exists Ue (t, J)SR(X,x) such that f(U) cV, since X is pairwise 
exteremally disconnected by the Lemma 3.9,U € (t, J) CO (X) and hence fis pairwise 
slightly continuous. 
Difinition 3.11. A function f : (X, Py, P5)-XY, Qj, Qə) is called pairwise almost 
strongly 0-semi continuous (p.a-st.0.s.C.) (resp. pairwise strongly 0-semi continuous 
(p.st.0.s.C.) if for each x €X and for each Ve Q;(Y,fíx)), there exists Ue (i, j)S0LX,x) 
such that AG, j) sCl(U)) c (i, j)sCI(V) (resp. Ali, j)sCl(U))cV ). 
Theorem 3.12. If f : (X, Pj, P3) XY, Q,, Q) is pairwise slightly semi-continuous 
and (Y, Q,, @») is pairwise extermally disconnected, then f is pairwise almost strogly 
0-semi-continuous. 
Proof. Let xeX and Ve QV f(x), then (i, j)sCl(V) = Q;-Int(Q;-CI(V)) is (i, j) regular 
open in (Y, Q |, Qj). Since Y is pairwise exteremally disconnected, (i, j) sCUV)e (ij) 
CO (Y). Since f is pairwise slightly semi-continuous, by Theorem 3.1, there exists 
Ue (i, j) SO (X, x) such that fti, j)sCl(U) c (2, j)sCl(V)). So f is pairwise almost 
Stroghly 0-semi-continuous. 
Corollary 3.13. [11] EXP, PX Q Q9) is pairwise slightly semi-continuous 
and (Y, Q,, @») is pairwise extermally disconnected, then fis pairwise weakly semi- 
continuous. 
Difinition 3.14. A bitopological space (X, P,, P5) is called pairwise ultra regular 
if for each Ue P(X) and for each xe U, there exists Oe (1, j) CO (X) such that xe OcU. 
Theorem 3.15. If FX, P,,P5)(Y,Q,,Q5) is pairwise slightly semi-continuous 
and (Y,Q,,Q,) is pairwise ultra regular, then f is pairwise stroghly 6-semi- 
continuous. 
Proof. Let xe X and Ve Q¡(Y,AX)). Since (Y, Q4, Q) is pairwise ultra regular, there 
is We(i, PCO (YoceushuthebghicoleWicterRinar bagoraitaise slightly semi- 
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continuous,by the Theorem 3.1 there is U c (i, J) SO (X, x) such that Ai, J)sCIU)) 


cW and so f, j)sCl(U)) cV. Thus f is strongly 0-semi-continuous. 


We have the following diagram: 


p.ó.C 
y 
PO Pa.C => POC => PWC => P sl.C 
t y U y y 
Ps.C > Pa.s.C — Ps.0.C > Pw.s.C > Psl.s.C 
ft fl 
Pst. dat > Pst.0.s.C 
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ABSTRACT 

In this paper, we investigate an optimal N-policy for a single repairman 
machine problem with Poisson arrivals and general service time distribution. We 
analyze the machining system consisting of M operating machines along with S 
cold standby machines. For the normal operation, M machines are required; 
however, the system can also function with at least in m(<M) machines in degraded 
mode. The machines may fail individually or due to comman cause. The repair 
times of the failed machines are independent and identically distributed random 
variables with general distribution. The repair rendered by the repairman is 
assumed to be imperfect. The governing equations are constructed by introducing 
the supplementary variable corresponding to remaining repair time. To obtain 
the steady state probabilities, recursive method is employed. A cost function is 
developed to calculate the operating policy at minimum cost. 

2000 Mathematics Subject Classification : Primary 90B50; Secondary 90B90. 
Keywords : Queue, N-policy, Cold standby, Recursive method, Supplementary 
variable technique, Common cause failure, Cost function. 

1. Introduction. The modeling of machine repair problems has found 
increasing attention in recent years due to their practical applications in several 
areas, such as in manufacturing systems, computer systems, communication 
networks, etc.. For machining systems, the provosion of spare part support is 
common to improve the efficiency of the system but it increases the cost of the 
System. In many realistic situations, the server may start the service after 
accumulation of the pre-assigned number of the jobs. This policy seems to be cost 
effective. In the peresent paper, we study an optimal N-policy for M/G/1 machine 
Tepair problem with spares under the steady-state conditions. 


In a machine repain pxohlencibatamydime aqu falla dt is sent for repair 
to the repair facility. The repairman can repair only one failed unit at a time. If an 
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mediately replaced by a spare unit if available. In 
many practical situations, the spare units are needed to M the Sed 
continuously over a long time period. These situations are applicable m ifferent 
areas such as production lines, airlines, manufacturing organizations, tele 
communication, etc.. , | 
Machine repair problems have been studied by several research worders in 
different frame-works. Some of them are Cherian et al. (1987), jain etal. (2001), 
and many more. The policy, in which the repairman will not initiate the repair of 
failed machines till N failed machines are accumulated to abate idle time of 
licy. Several attempts have been made to suggest 
'Choudhury (1997) developed a 
putes facilitated under N- 


operating unit fails, it is im 


repairman, is termed as N-po 
control policies in this field from time to time 
queueing system with general setup time and poisson in 
policy. The queueing system with finite source and warm spares under N-policy 
was investigated by Gupta (1999). 

Recently, N-policy for redundant repairable system with additional 
repairman was investigated by jain (2003). Wang et al. (2005) presented the 
maximum entropy analysis to an M/G/1 queueing system with unreliable server 
and general startup times. Kim and Moon (2006) discussed an M/G/1 queueing 
system under a certain service policy. A two phase batch arrival retrial queueing 
system with Bernaulli vacation schedule was explored by Choudhury (2007). 

Numerous queue theorists developed machine repair problem having 
individual as well as common cause failures. Hughes(1987) considered the issue 
of common cause failure in machining problem. Recently, jain et al. (2002) 
investigated a flexible manufacturing system with common cause failure. Dhillon 
and Li (2005) suggested stochastic analysis of standby systems with common 
cause failure and human errors. Jain and Mishra(2006) studied multi-stage 
degraded machining system with common cause shock failure and state dependent 
Eo iMm CS proposed a model for reliability evaluation of 

DEC power systems with common cause failure for planning 
applications. 
1 o aie aUe seater a led unis 
the M/G/1 system o Exin ad Estribos of the number of failed units " 
Asin perating under N-policy. In section 2 we outline some 
ptions and notations in order to construct the mathematical model of the 


system. ` 2ction : . 5 y 
ystem. :?ction 3 covers the analytical expressions if all probabilities for different. 


oe EE Es important performance characteristics such as average 
E re a à in the system, the probability of repairman being idle, 
Ge the b y etc. are establised. In section 5 we determine the average 

€ busy period, average length of the cycle and average length of the idle 


period. Also we construct the ion i 
cost function in terms ni 
time. Finally conclusion is drawn in section 6 Bus sd 


2. Model D Set? ; 
escription. We consider general service system consisting of 
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repairman to maintain efficient operation for long run. The model is developed by 

considering the following assumptions: 

(i) The life time of operating machines follows exponential distribution with 
mean 1/A. 

(ii) The system may fail at any moment due to common cause with exponential 
failure rate 4,. 

(iii) «(0 <a < 1) is the probability of recovering the failed machine. The renewed 
machines become as good as new ones. 

(iv) The system will be in working state until there are m operating machines. If 
an operating machine fails, a cold standby machine replaces it with negligible 
switchover time provided it is a available at that moment. 

(v) The repair times of the failed machines are independent and identically 
distributed (44d) random variables having general distribution function. 

(vi) The repairman follows N-failed machines in the system and continues the 
repair until he repairs all the failed machines. 

For modeling purpose, we use the following notations: 


N Threshold level 
B Random variable denoting service time 
K Total number of machines, K=M+S. 
B(u) Distribution function (d.f) of B 
b(u) Probability density function (p.d.f) of B 
U() Remaining repair time for the machine at time / 
1 Mean repair time 
a Probability of recovering of the failed machines 
B*(0) Laplace- Stieltijes transform (LST) of B 
B*UXg) jth order derivative of B*(0) with respect to 0 
S Common cause failure rate. 
Au Degraded failure rate, when n2 S- 1. 


Let Q(t) and L(t) be the random variables denoting the status of the. 
repairman at any instant / and the number of failed machines in the system 
respectivley. Define 


()= O, if the repairman is in idle state at time t 
1, if the repaiman is no working state at time £ ` 


Using these notations, we define the following transient probabilities: 
Po) = Prob (Q()=0, L(t)=0) 
Pont) = Prob {Q(t)=0, L(t)=0, O<n<N) 
Pint) = Prob {Q(¢)=1, L()=n, l<n<K-m} . 
For the analysis purpose, we follow the supplementary variable technique [cf. Cox, 
(1995)]. By introducing random variable U corresponding to remaining repair times 
(u) for the failed machines in repair, we shall construct the equations of different 
States of the system. ; 
Let us denote 
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P, .(u,t)du = Prob (QU=1, Lu)on, u<U(t)su+du, uz0, 1snsK-m 
Ln 


Busi P (u, tjdu . 
3. The Analysis. Considering the state of the system at time £, we obtain 
the tansient state equations governing the model as follows : 


ü "UL -(M2+A,)Pyolt)+ P.,(0.£) ei 
x P, bis (MA 4,)P, (E) + MAP, DL 150 8 N -1 Boch 
ES Zb NOOERUZETR NODIS NOD TOY Wa 
[2-2 a. (ust) = (MA + A, )P, (ut) + MA, bail P, (0,6)0(u) 

2«nsN-1 (4) 


[5-2 Rat t)- (Mi +A. ID w(u,£)+ MAP, y. (ust) Pi wa (0,£)o(u) 


Set ...(5) 


Gants t)= (MA HA. Pin (ut) OMAP, te P, nn (0,t)0(w), 


N41snsS e 


E KR 2n. (u,t) =-((K - nha d: s Jen (u,t)+ Dr -nt IA, (u, t) 


+P,,,,,(0,t)b(u), S+l<n<K-m-1 ACD) 


d 1 
dies ʻt)= (ma, 3? Aam (t)+ am 3 IN ad rac (t) 8) 


Pr) e(K - m5... (0) Ya) —)MA+2,}P, (t) 


t=] 
K-m-1 


+ Y Dag. Ay +A J. a? Pot) 


i=§+1 


9) 
For steady state Probabilities, we e 


D. - 
=limP, (t), Pon = lim P,,,(t) ISsnsN-1 
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tain 


Ba 


..(8) 


(9) 


Pun = lim D, cb Ps, (u)= lim P 2022: l<nsK-m 


Pa (u) E P, y .,b(u) : 
From equations (1)-(9), the steady state equations are obtained as 
(MA + A )Pio + P,,(0)=0, 


- (MA + A.)P, Un + MAP, (0) - 0, l<nsN-I1 
d 


PW) = AMA + 4,)P, alu) + P, 2 (0)0(u) 
AB) -(MA+A,)P,,(u)+@MAP,,, ,(u)+P,,,.,(0)(u), 2n £ N -1 
d 


m PT (u)= (MA + 2, )P, y (u)+aMAP, y_,(u)+ MAP, Ni (u)+ D, 0b(u) 


d A d 

Sema ) = (Ma +à, )P,, (1) + oMIP, „ilu )+P, lal | (0)b(u )N+1<n<S 
d 

gy Pn u)- -[& - ny. d +h JB tu n )+ al (K - EAR Lu) PD. (0)b(u), 


S+1<n<K-m-1 
-(mX de A ee talm DAD K-m-1 =0 


S K-m-1 
a(K —m)haP, g PONE oli +» Pri RI X -aXK -i)a EE 
is i-S-l 


N-1 
TX AE =0 
1=0 


Equation (10) yields 

P,,(0) = (MA + Ae Poo - 

Putting n=1, equation (11) provides 
MX 

— ——BP 

MX X. que 

Now putting n=2, equation (11) yields 


Iba = 


2 
P E _ Mi P 
ds Ge) Oke 


Similarly by using rcursive approach, we obtain 
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(14) 


...(15) 


...(16) 


(17) 


...(18) 


E019) 


...(20) 


...(21) 


MENE ““-~" Em. 
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MX n 
BEES pup ]znsN-1, ...(22) 
P, n | Mx + A. | 0,0 
Further let us define Laplace-Stieltjes transform as 
a)» Leo: ere E 
p E [| e (u)du, Lenz K mut (24) 
so that, we have 
Pin = P, „(0)= f; Pin Wu, l<nsN-m, ...(25) 
e SD = OP, (0)- P... (0), ...(26) 
Piya) = Paya b(u) o (27) 
Taking Laplace-Stieltjes tansforms (LST) on both sides of equations (12) to (16), 
we have 
(Mi +2, - dag (9)- P, 2(0)B *()- Ba (0) ...(28) 
(MA + Ao -0)P, ,,(0) = aMAP;,, ; (0) Pns (0)B : (0) -P,.. (0), 2<n<N-1 ...(29) 
(MA +2, -0)P; n (0) =oMAB y -1(0)+ MAP, n-1B*(0)+ P na (0)B*(0)-P (0) ...(30) 
(Matà, eel (0 )+P, E )B' * (6)- P... (0) ,N«1snsS$ GU 
(a - nb, th, -0]P (e all o(K - n+1), Bi n- 4 (8) P, n1 (0)B e (8)-B,, (0), 
S+1<n<K=m-1. ...(82) 


From equations (19) and (22), we get 


A 1 MA a 
p hor Maren, | Palo) isnsN-1 | ..(83) 


Using equation (33) in equation (30) and adding equations (28)-(32), we get 


S 
(Ma. +2. -0)Y Pr, (0 
DS la | Seay zb (8) 


n=S+1 


MY...) Lei. “Site n+1)P n (8) 


n=S+1 


K-m-1 N d 
$ p P n1 (0) *(6)+ | MX (0)— 1 
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Now using equation (33) in equation (30) and setting 0 - MA «A, in equations 
(28)-(31), we obtain, 

,(0)- 4P, (0) - MAP, (M2 +à.) 

B*(MX*,) : lsnsS ...(35) 


D | MA j x ie N 
25 | Matà. otherwise and P,,,(;)=0 forn<1. 


, 


- Now substituting 0 - (K - n), +A, in equation (32) we get, 


IA )-al(K- n41) ln (K n), +A] 
B*|(K Da 


Re (0) = 


S+l<n<K-m-1.- ... (36) 
Differentiating equations (28)-(31) j times w.r.t. '0' and setting 0 = MÀ +1, we have 


PUMA e)» HP, (0)8 9? (Ma + A.) $P,,(0)B * (MA+2,)+ 
J 


MAP, (MA A.H. 2<n<S-1, 1<sn<S-n-1 (37) 
H di T 
where P, (9)- pr. (0) & B S dg — B * (0) is the ¡th derivative of B * (0). 


Again setting 0 - (M - ri + à., in equations (28)-(31), we get 


PM), +2, ]- lomas; na (M -r)a +h} +OP 1 (0)B * (M -r9 A] 


+P 1 (OB (M-rkexj-B,(|]1snsS, 1<r<M-m-1. —— G9) 
Again setting 0 = (M -r)&, +à,- equation (32) yields 


P (M ay +r. En [Zn +A PCM ra 3) Pin (0) B* 


—ntr)y 
(M -r)a pu ,S+isn<S+4r-1, 2<rsM-m-1. (89) 
Now P, 2(0), P, (0)... Po (0), can be obtained recursively with the help of equations 


(35)-(39) in terms of Poo: 
Again setting 9=0 iz. pemalang (28092 n We pave An eGangotri Initiative 


NEND———————— MUMMMMEHEM 


e | 


EEK 
36 
: -B. (40 
e (0) OMAP”, dës B... 0) Pin! l 1<n<N-1 ) 
Pi, \0)=— Mi. 
where B (0) 1. 
Also 
: , = 0 
e ap. (0)+ P, (0)+ än 0) Pnl ) N<n<S (41) 
d JE MA + Mo 
and 
A (O) Pensi O)- Pin) 5c cg ...(42) 
Pin (0) x (K 2 nb, + re 
Now P, (0) (1<n< K —m), can be determined respectively by using equations (40)- 
OW fin AS , 
(42) in terms of Po 9. 
From equation (4.17), we obtain 
a(m + 1A, P, x mt (43) 
^ De NEN yr ^ 
The value of Daa can be determined by using normalizing condition as 
YA XR (44) 
DID E Y B, (0)= 1 o 
n=0 n=1 
The failure probability of the system can be obtained by 
N-1 K-m d j 
P, ze D Pih z Y: P (0) (4 
"20 n=1 


4. Some Performance Indices. In this section, we present o 
performance indices so that the system designer may ensure efficiency ud 
effectiveness of the system for future design and development. Now, we formula 


the performance indices in terms of queue size distribution obtained in previous. 


section. 


Let us denote the performance metrics as follows : 

E(N) Average number of failed machines in the system. 

E(N,) Average number faild of machines that are waiting for repair in the queue 
E(O) Average number of operating machines in the system. 

E(S) Average number of standby machines in the system. 

PU) 1 he probability of repaiman being idle, 

P(B) The probability of repaiman being busy. 

MA Machine availability. 


The above performance indices can be given in terms of queue size as follows : 
K-m 


N-1 
(i) E(N) = 2 tn dundiggr Collection, Haridwar. An eGangotri Initiative (40) 
n=0 


(ii 


an 


10) 


43) 


44) 


45) 


me 
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N-1 K-m 
ap  Z(N,)= 2, Eos + 2/n-9B, AAT) 
K-m 
A A A ..(48) 
S 
Gv)  El(S)= > (S-n)P,, ..149) 
n=0 
N-1 
(v) RS A = NP)» (50) 
n=O 
(vi) P(B)=1-P() (51) 
1 N-1 K-m 
(vii) MA= a -m-n)Pon + X (K-m-n)B,, |. ...(52) 
M| n=0 n=1 


5. Cost Analysis. We assume that E(B), E(C) and E(/) represent the average 
length of the busy period, average length of the cycle and average length of the idle 
period, respectively. Then average length of idle period is obtained as 


_N 
rs 
The long run fraction of time for which repairman remains idle and busy, are 
given by 


E(I) ...(53) 


SU) A 

——-— P, (54) 

E(C) GC 0,0 . ) 
and 

BB) ` A 

—— =1-) nP,,. ... (55) 

E(C) 2. 0.0 


To determine the optimal value of N in the system, we construct the cost function 
denoting the total expected cost per unit time as given below: 


E(B E(I) Sale ip 
TOWN, S) = os PO) «c, E + CB) Cs) Utan Hl um 
Where different cost elements used are as follows : 
C, — Cost per unit time for keeping the repairman on 
C, — Cost per unit time for keeping the repairman off. 
C, = Holding cost per unit time per machine present in the system. 
C, = Break-down cost per unit time for turning the repairman off. 
C —Start-up cost per unit time for turning the repairman on. 


6. Conclusion. In the present paper we have obtained the steady state 


Solution for the NepalieyuM/Gblireacbine Rar Apxablen ri pith cold spares: The 


TTT 
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concept of the common cause failure along with individual failures is incorporated, 
hich is common in many real time machining systems. The suggested recursive 

D A using supplementary variable technique to determine E steady-state 

probabilities can be easily implementable to quantify various pe poma indices 

as well as cost function. Qur study provides good tradeoff for gaining initial insight 

of system's performance and cost incurred so as to determine the optimal Service 

parameters. The concerned model is more sophisticated and versatile in our rea] 

life situations as it includes common cause failure and imperfect repair performed 

by a single repairman. ' 
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ABSTRACT 

In this paper we establish some new results on bilinear, bilateral and 
multilateral generating relationship for Fox's H-function and multivariable H- 
function. Some known results for the Fox's H-function and multivariable H- 
function are also obtained as special cases of our main findings. 
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Keywords : Bilateral generating functions; Foxs H-function; Multivariable H- 
function; Generating Function Relationships; Combinatorial identities. 

1. Introduction. Chen and Shrivastava [1] gave a family of linear, bilateral 


and multilateral generating functions involving the sequence Et) defined 
by 
coelo ome (a, ,...,a,; Alp:1 -À -k), B eS) SE 


where for convenience, A(p;X) abbreviates the array of p parameters 


Ln quio (pe N =N, \{0}) 


Dp E" t5 
and for its multivariable extension defined by ([1], p.172, equation (5.21)). 


on Aa NE 
Zon one AA ... (2) 
acu V 


(K 2 ho, +..+k,0,5k, € Noo; €6J7 Lenn) 


where (A(%,,...,k,)) is a suitably bounded multiple sequence of complex numbers 
and (A), denotes the Pochhammer symbol. 
= 0; #0 
(a), - IG) [2 (% - 03.0) P 
Tú) |a(a+1)...A+k-1) (ke N;X€C) 


Raina[4] derivedothe folisimgrcombipatezia) dent Ain ideal case of formula 


TTT 
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in ([4], p. 187,equation (15)). 


< A«k-1 Bep estas e tsp 
SP: k Fe aa shiny Hat 


5 
-(-z)^, (d« 1) ; ...(4) 
ME T'(n 4-1) 6) 
where | bi (k+i1r(n+k+1) ax 


Recently in an earlier paper Jaimini et al. [3] generalized the results of 
above cited paper [1]. They proved six theorems on the generating function 
relationships in view of the above results (4). 

The Fox's H-function defind and represented in the following manner ([2], 
p. 408), See also ([5],p 265, equation (1,1)) 


na laap) 1 DA D 
a f lea) Bra hu ras «(6) 
where 
Hr, -B [r6 -a; +a 8) 
o) = = x 
5 q : à p (7) 
pl! (1-b; E DA [] Fla, -ajt) 2 
4-m«1 Jone y 


The multivariable H-function defined and represented in the following 
manner “[6),pp.251-252, equations (C.1)-(C.3)) 


Ha 
2 E (1) (r) | à 
"Hips bo Leno], ole ah, 
Zu (b;. p » Bj le dan) 
gn 
Daf ch $65)... Wa, elei BEE ...(8) 
where i= JEI); 
m, " qu = (i) n, E e ; 
Ms Tr e 5 sd Ir ef +y) 
AST q, : Vie fl 
-d sli p, : Es 
Ji di 4305) (ir ys) NO 
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5) 


7) 


3) 


n r " à 
BEI Zon 
i 


vis. J= P q = r | (10 
I] a, -Xais Di ts | ane 
Janel j=l J=1 j 


In this paper some generating relations for Fox's H-function and 
multivariable H-function defined in (6) and (8) respectively are established by 
following the above cited work of Jamini et al. [3]. The importance of these results 
lies in the fact that they provide the extensions of the results due to Srivastava 
and Raina |7] and also provide a wide range of bilinear, bilateral mixed multilateral 
generating functions for simpler hypergeometric polynomials. 

2. Main Bilateral Generating Relationship Involving Fox's H-Function 


Result -1 . Corresponding to an identically nonvanishing function Q,,(z,,...,2,) of 


s complex variables z,,...,z,(s € N) and of (complex) order y, let. 


y H : l 
AS eg apk (Zoo ) rs (1-3. -mk-omk,¢), c, ah 
Ws voi b sere DD z,;t|= poten | (d, ,, ) 
fa, + 0;k e No;9,0 eC] (11) 
and 
(n/m) 'u+n+omk-1| (a+n+omk=1) 
MIA te 2, A; s (y; 2 n-mk | n - mk 
k 
0.29 spk ss In (12) 
(mk)!(n — mk) 
where 
z d H^ (1-2-n-omk,¢), ee yl 3 
7490,54 [. t 
Al „n,m Ly 3s 2. EET (i)! u+l,v y aa) ) 
then 
Y Mio hia sz" 
n=0 
=(1-4) rye aa an .(14) 
m,3,p,0,4 t ty Legd) Zs D ty 
Result-2. Let 
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r en G4 y (Cie D e S (c Cu Yu ) 

Sch Gouf y A 
Waabineszstl- 2, MC VS 
and 

[mim] aw Steak? - a+n+omk-1 
NS Ip Eur 3 EXE 2 UO n-mk n-mk 
k 
(ya Qype (217-925) (16) 


(mk)(n=mk)! 
where 


Una < (u- a) — py stl | (-X-n-omk - Ls) (c, Yu d 


hom (yit) E (un omi), (1) u+l,u+l Mía, a (EA — mk - omk,s) AOL) 
Then 
Tul 
MII iu. zaart Zen "= -ty Ce z 732 Mza a m 
È bz 2, s ny Spm DE H (1-0 sim ...(18) 
Result-3 
Let dëi bes ,—stl is defined in (15) and 
[n/m] . E 
Tae aa gea » VETT nan gr om al 
ki ` n-mk n-mk 
mk 
(n - mk) ...(19) 


where 


l 
Vicent (yt) = kat ` r,s+l 
Messa UI ¡Huso Y 


Lr=n-omk-=w € 
k - Le) Wc Soe a 


d, omh —(o + m)R,€ 
hc uo la maja) 


X ANULO Beemer E (i= t) nyl 


Result-4 
Let 


m 


SE x zk n 
is DE aen “(gano (21) 


1a) à; 5 
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H' sel y ->-mk-omk-ok,e) esu) 
SE 1,8, )},(-2-omk-(w+m)k,e) (22) 
and . 
9,0,7.,0 0,1 [n/m] > 
ta al, Wa 3) 
ki Sa 
i tntomk- are +n+omk-1)\(- Ye aan : 
n-mk n-mk ) (n - mk) (23) 
where 
Y l : 
Sou : -a)t " (1-1 - n - omk - ok - Le), c, zl 
ye “(y;t)= (u a) rs 1 €h WCu su Jj 
Di rem SE Tue. 3, (24=o0mk-(0+m)e,e) (24) 
Then 
ae n d E TAL 
A pena (122) 1 ases iz ie el 
2 D T ] ,0,9,p,0,7. (1-1) 1 3 (emm ...(25) 


Proof of Result-1 
We denote the left hand side of the assertion (14) of Result-1 by H[x,y,t] 
then we use to the definitons in (12) and (13) we have : 


, uml ` (u-a)t jen omk-1| (at+tn+omk-1 
n-mk 


ets fea (ue n omk) (1) n-mk 


TOTEM Oral së JEn comb -Leuta p 
Lo Ela - mk)! bol di, SN : 

Now using the definition of Fox's H-function from(6) and changing the order of 

summation and integration and then on making series rearrangement therein, it 

takes the following from: 


-1 
E. cu NN (i-o), pur e 
A n 


Bou cnm oic rrt s emk omk Leej la 
n (mk)! (n)! 
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Now in view of the relation 
“pen-1 
Deal Al p i RÉI “a 
n: 


and then interpreting the inner series into Gauss hypergeometric function F} we 


have: 


-1 
1 BEE X) n- mk omk-s&-1Y un mk omk-1 
ppi 
D 


k=0(n=0 n 


n 


r7 0 D rn ri 
941 


n 1+n+mk+omk; | 


kymk 
fl Aa 2 E (meson T(A+mk+omk+ IE 
(mk)! 5 
Now using the combinatorial identity (4) and then on interpreting the resulting 
contour into H-function with the helf of (6), we atonce arrive at the desired result 
in (14). 
Similarly the proof of Results-2,3,4,would run parallel to that of Result-1, 
which we have already detailed above fairly adequately. 
3. Some generating relationship involving H-function of seceral 
variables. The Results-5,6,7,8 given below are established for the multivariable 
H-function defined in (8) by following the corresponding result proved in section- 


A 
Result-5 
£ k y D = jr 
Let bana o E PKN NN SU, ; 2 
k=0 (mk)! PHP, 9) i... Pes ee 
Yr D 20) 


( Oo Kuma r) vir) 
(L- 4 omk -mk;e sena ud li: le Wë | p ome ) 
! bf. lan ett, (m.s) 


qr 


1m] 
RIMA GULA | : [n 31 
n,m Yp-sYp21,-,2,:m| = Änn +n+omk-1 
rie] on] 2 Bra EE H 
0 n-mk 
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NS eee 
(26) n—mk (mk)! (n — mk)! J (28) 
where 
| we 
z Py 
BA My Toy Gena) el veau |: IS TT) 
2 lu *nomk)() PPn] 
LY. 
AAN] (r Jio , r r 
(a ol 1:566) Je (cl), E T | 
EET. erat ae f t adt 
gl. (98). Je kar ...(29) 
Then 
$ REA e y lr 
n=0 
ing à y y né” 
: E12 r^ 1 1 fe, y 
sult -(1-1) D "ose md ...(30) 
t-1, Result-6 
„(6 e t E k k H it Seen TARTA 
ra Let nione estt]: CA" CHO ciere BEA 
on- 
y T) (r) “Ia .,Q) (r) V(r) 
A la ¡al sr D 12. A Iseki Y R 
; . a0) (r) .(4Q) s0) (r) str) 
7 Ip pl lie (a0, 5° E at 8° hi (31) 
GEI E 
and 
FS [nim] p+n+omk-1 y” 
Sp, one DR AT 5 c = =| 
Se E Doy] 2, IA bist] n-mk 
a+n+omk-1 (En) CO a) k (32) 
n -mk (n — mk) E 
27) Where 
E Ils 9 CA - n omk - Le... Li 
Epa =>, In okt O,U lun (Up 5-34, SU, 5 er 
k,n,m J1 yr Eine n* omk)Q) p+1,q+1:P,,Q15---3P, Ue (-X.- omk - mk;s, Ee 


n 
CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


46 
r m Am (ele 
la, NN 40€ al}, ie (c Vi ee n? AG wh, | 
DON Jes Joar Eglo, E ^ (83) 
Then - 
SSC Yri bon 
n=0 
At "JAN EEN etin ee 
i esent RN TIED (0) s (3) 
Result-7. Let besse El is defined in (31) 
and 
[nim] umi 
Wel X F; nm Ly Vio , Yr y, :t] 
k=0 
utn+omk-1) (i nomk-1 (C1 as Cz). i " 
n-mk n-mh (n - mk) 1 vn 
where 
l 
Pap ang Eo D at |= z Uo 
rivit] fca (+n + omk) (1)! 
EN : DI all 
[-4-n-omk - ok - Keng, Jla; DI nëtt Jg 
KEE n 


p*lqtl:pyq,..p,.q,. 
r (- X-wk- omk- mh;e,,...& H RR o 


...(36) 
Then 
DUMP PD, yon ant 
=(1- gren YS. yı d EE ; nt" n 
Ym 8.p (=)? (1-4) An pe Do 


gi „(8) f 1 MERECE De 
Result-8. Let 7 Celene ai Enion cian Soaked neg + pel 21-5) 
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p+1,q+1; p A TP) | (LA -mk — ok - ome, ,...,6, (bj oi 
LY, J lq 
Mm o Sen] iR 
(c' Yj jesse Yj lios 
(1) sll) (r) sir) c 
(as DUM aam) ...(38) 
and 
y A [nim] $ 
ns yey Eer E $ (er NONE RAI 
k=0 
=f 
+n+omk-1 a+n+omk-1 , 
SEET | : Jena, as . (39) 
n-mk —mk 
where 
"e oli 
G^ 0,0, 0 t 
Ck in bi dn is 24 (u A (1)! 
Mul, OR a t? o 
D NRI T (1-2 -n-ok- omk - le, ,...,6, (a 0%; o ere 
DAE ARS Pa |... (-X —omk — ok - mh;e,,...,,. (0 3B Wi a 
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(as EN loo „la! 9, le j 
Then 
Suen Wed EE SUE 
n,m. Leor? 1» »^s 
n=0 A 
ta o 
Yi Yr e ene hee 
= 1 (8) T— ye E 32155255 (c«1)mee |. (41) 
( y Vin apoo DP (t8) G-t) 5 


4. Special Cases. If Results- 1 to 5 and in Result- 8 we take 
Qs (zs 2.) 1 0-0 and j-« these results reduce to the respective known 
result in ([7],pp.37-44, equations (1.10), (1.14), (3.3), (5.3), (6.9), (6.6) at B=0). 
If in the resultcefiseckignestecdin Testa se An c usen Boog) tien 
pp ee 


PE 
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milies of new generating functions associated 


re are reduced into certain fa ; 
these result are re ariable H-function, but we skip the results 


with the Fox's H-function and multiv 


Ce All the results of sections 2 and 3, the product of the essentially arbitary 


cofficients 
aps e No) 

and the identically nonvanishing function 

Qs ent noz; Kk € No sp. € N;9 eC) 
can indeed be notationally into one set of essentially arbitrary (and identically 
nonvanishing) coefficients depending on the order 9 and one, two or more variables, 
In view to applying such results as in section 2 above to derive bilateral generating 
relationship involving Fox's H-function and as in section 3 to derive mixed 
multilateral generating relationships involving multivariable H-function. We find 


it to be convenient to specialize a, and Q, (z, ...., z, ) individually as well as separately. 


Our general results asserted by sections 2 and 3 can be shown to yield various 
families of bilateral and mixed multilateral generating relations for the specific 
function generated in these families but there are not recorded due to lack of space. 
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ABSTRACT 

M.S. Knebelman [1] has developed conformal geometry or generalised metric 
spaces. The projective tensor and curvature tensors in conformal Finisler space 
were discusssed by Mishra ([2][3]). The decomposition of recurrent curvature tensor 
in an areal space of submetric class were discussed by M. Gamma [6]. The 
decomposition of recurrent curvature tensor in Finsler manifold was studied by 
Sinha and Singh [5]. Singh and Gatoto [9] have also studied the decomposition of 
curvature tensor in recurrent conformal Finsler space. The purpose of the present 
paper is to decompose the Projective curvature tensor and study the identities 
satisfied by projective curvature tensor in conformal Finsler space. - 
2000 Mathematics Subject Classification : 53B40 
Keywords : Finler space, Projective curvature tens, Conformal Finsler Space. 


1. Introduction. Let us considered two distinct metric functions F(x,x) 


and F(x,x) be defined over an n-dimentional space F, , both of which satiesfy the 


requisite conditions for a Finsler space. Th ecorresponding two metric tensor and 


E" (x,x) and g"(x,x) resulting from these functions are called conformal. If there 


exists a factor of proportionality between two metric tensors, Knebelma 
that the factor of proportionality between them is at most a point function. Thus 


we have 


n has proved 


(1) 


Where 


Plea) efi 
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The space equiped with quantities F(x,x) and a(x,x) etc is called a conforma] 


Finsler space, it is denoted by F,, . 


BY (x,%)= PE “10, EC 


where pu are homogeneous of the second degree in there directional arguements, 
The following geometric entities of the conformal Finsler space are given | 
by [7] and [8]. 


Gr) e G'(53)- c, B" (1,1) ...6) 
Gi,(x,x)= Gi ls, x)- 0,0; p" (x, Set wo) 
Gao à) = Gh (x, l- Gë, B" (0,2) | (8) 
BY (x,x)= PE = ax! (9) 


where G "s (x, X) are the Berwald's connection coefficients. They satisfy 
OG x) - G5. ...(10) 
and the functions pv are homogeneous of the second degree in three direcitonal 
arguments. ` : I 
2. Identities Satisfied by the Conformally Changed Projective ` 


Curvature Tensor. The tensor Wi and Wi. transform under the conformal : 
change as follow [2]. | 


Wi «Wi San DB — 6,5") a -abeo Le Brot A = 


fun = 16, pon le - (n + 19, po» L + 2(n -2)pm GP, =. (n SS 2)x" (0,0, B^" Jal 


APN Tayl dE Sc 
morus opB sw pm h-2 ¡5 . c Gm 
(r) | h 0,0.B - l nm 
E gap eg gr 23 | - op yf 2B Bean 


xo Bem, SS à Bi 
p "ws 8, BP" Ea, por [sonor bama ia (sampa? 
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rma] 
1 sm r sm r 2 x^ VE s. E - 
5, Bo b, B” -(6, p" p pr |+ 22 n+ pB DnB” 
n-— 1 idem =i P s 
— (5) +(n- 2)B""0,0,0,B” J. GU) 
ents - 
. Tri I ^ im x E 
given ` Win = Wu — Lm m E ep B gs " [eu B7 Bian: + a (EA 
---(6) > ppm > pm AE m Lr rm | n um n 
EICH ls = nlo,B' E - (nô, B! ns + 2B" Gp, {I+ 29,0 uf SE 
(T) 
..(8 i OQBPA omg pm. EE 
) 879 p nii p | POTE (p) nz A] 
"(9 
: - pm ^ ir a, 0 ,9:B^' | 1 lo E 
(n + 1)0,,B n 26,6, | à4,B" 40,0,B Zä Ce Ia? 
SCH EE : Fe eee 
..(10) 0,0,B” - (nô B” b,B" + "ES B 0,0 ,0,B" | 012 
tonal ; 


R.B. Mishra [2] have introduced to obtain the conformal transformation or 


stive projective curvature tensor wi P by differentiating (12) with respect to zi. 


s 


rmal es E 5 
Wi, = Wi, «2c, 6,8" o2 -, OB" Jan * = 3 bab, B" "hat 


Ah 


b, EC jet bp "ai n? PTT 


8; ~ }- - A [-. ni | ha A m 
| +2, (6;B°") M -& o, B" "LS epo] - ouk pB” NUT ) 
r) z 3 d. ct 
SL png) Sen e a} 
= n+ 
4 4 Yi D 2 EE 
+20,0, ò bu B” P, GB" - 3 AGB" Pó. B” «à, B” P (6, 6.87) 
: 5 AA sj A [2 sma A ri 
«à uB” Pô aB” + uB” alo 5,8") — RR 5,6,B^ 
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E nan ch nB” P, ò, B” Jä. ô, B "p, H p? + lön B” "PA „3, B” 


-(p,B" B08" j+ Zb p. à, B" -, fo, B" ba B" 


N eso E te EL 
-ò ôn, B" BA BP +0, (0,8"),0,0,B"" E '5,6,B" 
+0 o," 5, (0,0,8")-0 la, B” Pub,” )+ (9,8%) ,0,,0,0,B”" 


si e - T 1 š EX 
-èB Djóni B” I+ lemon Or" sean Oa ) 


+ ue bun; nip Br” L onta iB m). (13) 
DE 


Multiply (13) by Zin» we get 

, : : SR a X ja: 5 d 1 

WE, 5 e "gu W jih +2 TO in Sp ker, =a; EI? m 1 a 90, E? L y) 
9, f (; "xm 

ES 2 p Be" Ls e (5,,B" Im à 

+0 BP” la -òn lèp B^" lr qe 


+2e% gi, ma cala E 


ES 1 nd, o e Jn Y nó; (o, B^" lm 


Zär b (S B""),, o, 0, B^" lo) 


eet, 
dap. {ba} pm 
é,\\c,B 
n+1 k | k | 
NO), 


ONE alh dé o, 97 Jo O m(p) (6 ;9,,B" "äer BiuO af, la, (6,.B°" 0.38" 


tu- m 


Ten za 


xi ` : : 
e A Aa ¿ppm 
C ( C B L 
n+l le 


5 E já k 6,5" b, Bi ar aj k 9,B*" b; 0,0, B^" E o, (o, Bo b, pôs B” 


+B” Pe jen a SCH B? L Zu A p B" bu. Bo. Gë fe annB” po." 
n* — 


-lo 0,8" b,à.B" + (a, Bm po à p» (0,8% à, o.B"« 


2 L Pail ê eB” b ôB” -ó, p, p" bas ni jp" CHE 4 


= GË buaya.) an b, o.ä. Bor Län = 0 Oni (9, pen ban 
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pr 


Jo 


Or Bila P6 6, B" OEB E Be 0,0 BA +0 AMET B "Pale A BF) 
-jê B" b, 6/2, B" )+ B” P 0,0,0,B" 6, B" P 2,052 ss 


26 x 

2e "Bin k | 
: SA > m - A | 
Ha 19) mi ¿JO hl L n ) d Ber J 


n 
+ ig a (a à GE zi A (2 Be" J 
X O mtie NO p X O55 jo hC j (14) 
where 
VAT Tom vp 
WA = Siu Jkh + (15) 


We have the following indentities. 


Theorem 1. When F, and F 


n 


are in conformal correspondence, we have 


r ii 


SC? koh = = 2W. hh E 26m) G ij B" li Y -&; 6,5" ku Tua ` hf Me SST, 


I 
ey ^u; BE WOES. la 6x3?" "pr 


Be f a få ^ ^ pin pin) 
DCH DI er eph 10, Jä Bi Lk “no; (6,8 lle ES (2 m 


kpr Ire e 


> > Az - 1 slan sa £ Gu | n 2 ^ m | 
mU )a- 38,8400, B^"], j* a hó jo B" IS 


= A A pm à aa Si) 2 6 pm) axle A (a p?) 
e nos: IS +6, (6 18 (p TER ĉ,B UH HORNET (p) 
ai 
= dz ly pm 
pm 
ERR: E 2 tên, B | 


LORS n n 


A 


A bor Tf | la (> pim) 
AE 2 : A E imo 
Se CCR (6,B' = lis Jat: 26 tr Pln (0,8 ) 


; ; E Ti: Oa ja 
= ne (rug | = 20 mh la B” L ple e, ar )- SC k ( pore ) 


-i 
X 
1 
SET E k Pal JEM — 


n+l n*-1 de 


à „l Regu jecur (o, BP" )- n e o, pon | 
x 5 SE “mt Ben) E IN bann 4 


CD 


elo paro. 0, B" -à, 6, B" p, A.B" +6, êB” Pr0,0.B 


= sm pr Qo, B^" BY : 
+ (ôB Radiata! de n? HS Pe poe èp? Pa, 
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rper an t pm ham obama 
E. a åB" pB” «6, B" pò, B” - 0,0, B" P,0,B” 
+0,B"0,0,9,B” - (9, B” pô B” 38,0, 0, B" Lë Apr) 
eto ole, B" 10,3" + tô, (o B” 6, 6,0, 8^" )-#',(0,B” o Jas pn 
PEN opm Pio aero plep B” Pires p? a a! (A,B E 6,6, 6, BP" 


= ilo, p" P,0,0,0,B” l 1 nd, (0, B*" LÉIER j= nd, mS do 9,0, B” 
- Gin IRCH e 0,B” E (4, ,B" Br, B” ES Së h (5, p" ,,(6,2,B” E 


SCHER Be P j0,0,B" - ŽO, jih Wë NA B Ta Ee Jo, (0,0, B” | 


+20 8, ón, Ben). Zap, p») *2- SE Om(p\x (Oj GER 


mun 


E OM i 2 - am - - 5) on 16 
- 23! m0 (610, B! )- 5.19049, B' ) A ) 


Proof. Interchange the indices k and h in (18) and subtracting the equation thus 


obtained from (13) and using the symmetric property of the function Gu, we get 
the result (16). 


Theorem 2. When F, and F, are in conformal correspondence, we have 


DEUS LES Na at TI b" pp. A. P 
Jukh WA, E W urh W khu + 2e Om8ilu| CRT ip sip pelo E 


-àj,B ju «à; (o, B"). bo Spa äu, 5" Jj 


Sr Wr 
eaa be hyp nBr) yB ep 2,57 Jor] 


of loy = non ES ) p) Ôh (6,8 5 | p^ ó,)0,B A ha 


-i; b. 6o Jm * 3,0, 5, po VW HL i nd, (, B?" e ) 


nao ar), à boo) a o pom nm) a, (9,(3,827)) 
si SCHEI 6, po" VW Zeen, kb, bm - ` 
n+ 
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J m = m Pes 
EUIS 1 One, BP JE x m lo, B?" -onat Bm) 


Il 


-l 
PE A fe ote th ci 1 
A m On as 
"xi juam )- T a (6,0 Jn Se a f Bem -ndt 
n? n —1 n? - 


Omp) È; (8, B” J+ e, (a, Be ipe E a + 2e% ERAS ek eB b.e, B" 


-ò jomp” bä pr - = ba (0,8% Prb, B” -ô ôni B” puo. p 
+d,(6,B°" bo, 6,Bo)-3,6, p") 610,89 ea 6,8" b, oo, Ber 
-0 ;(,,B°" b, B?" (5, 8% b ;916,ló, B? )- (6, .B™ Kera, l6, B ) 


-P nB” bà, B -6, (0,8% buio, Bo" jx 2h hà o, B" p, p 
EE 


-nò (6, B*" rô B” « nó, 6, B?" bo, B" -nlé B" b o, 0, B" 

«à o," à, BP ~8,,(0,B bo, B" + (0,8% puo Aën 

- (6, B*" b, ià jo, B?" + 3o ón 6, B*" b o, B^" 310,0, (6, B" bo, BP" 
«xo, o, B?" P pò B” -nlo B?" 5 0,0,B” + a'o (,B°" Duo o, B" 
-alò o, B?" Prb B^ +x! (3,8% P jn pB” +! 6, B" b 0,56, B” | 


: 2 ; hà 6, B*7 bà, B” -nà;lo, B" bo, B^" +nd,(0,B" p,0,B” 
-nlò B” b òrb B^" +4,(0,B" p, o, B" AR, B" p,o, B" 
+ (0,3 b,o,o, B” - (0, 81 brô jô, B” «30,0, 6B" po, B^" 
ta òè po" biò, Br +212, (ouam posa, B^r - 0,5, B" po, BP" 
«x bës pua B” 00 (o, 87 2.0.0.3” ++ (6,8% P 0,0 o, Bn 


Par esl. A ore 
-#6 p» pagar ]- 2e git, black iab") 


äh 


e 8 
= mi; Ben) SS bach on} 


Si 
9 m(p) 


i 1 
à salma Coll d y agat reto jo B^ ) 


56 

Proof. Interchange the indices u and h in (14) and subtracting the equation thus 
obtained to (14), we obtain the identity (17). 

Theorem 3. When F, and F, are in conformal correspondence, we have 


j 2 ` ir n > - 
icht uin $ Wank E Ze "o, lero dé B" Bn» pS pep B'^ ) 


aW e 
W ukh Wat 


1 NU 
Enu a à [5 ppm 1 8110 j) IB : pm e pr am 
somit pif ul pB lai 1 E op li 1) oP Th]pi 


da a [2 ppm ae cfe p | 2 KA ¡ 
EE Wl j4 m ,B MEE pr "n DD hl + 4e STOEN, lé Bi} 


Sr Y 

x 3 y ò : 3 ) o al 

T ^ {A 5^ ppm JUEZ pm 1 Yo. Sink Í : 2 

SOc, 5 0 G B Jl 4e^ n ——— a. (a) pm) 
SAT e Vin n2 ES MN p jor y? 1 O nu) j) Oe 


2 "E 2 a dfe Bran tine Tenar AEN s 
9, (5)0 56, B^" L 4e "en ou ban pu 
n+ 


A amb 5 Bpr A (o sm \- Tert $ e ; : aa 
| pB | MesB” +00, B Pp (0,10, B" CH Pp, B” 


Sl 


Se 8 ¿Ba S.S ^ 4 Rpr oj c ( e. A B. : ; 
| Ik Pj h]C pt «B + 2 0, 9, B b, 0, B” -— (a, p") 
n'-1 ERES 2] 


¿OBP la Bro, à Br , nl Le 
ps Cn 0,B dag BP’ +nl0, Bs” a Rp ( sm AA | 
1 8 3 T : pi 

S h| jð pôs B n 9,B Pn OsB 


ee 


SR A smi > mr E > sm |: t > 
nê nB Lan SC ' P ôB” «|, B" b, 
Ja panda a à "a xà. A [A Rem : 
lé > Pr zé ¿BP +% Oaëulë: Ban Sek 9010, B" po, B" 
dl Ban B- à pp a [5 amb a : 
à 1 bi pesB -ó, (0, B )018,B?" «o, o, B" p, 0,8" 
-Q.lo Br AA pr a Bem Ia à h 3 
no Kä BP cp m P5940,5,8" - 5, p b Xo 1910 p") 
C i | 
4 dein BtuO[4 x JS 
n=1 [eal 028" )-o, o, (o, 200 ) 
nl AN AA 
"E : sn ^ ^ 
Proof, rea Ae 16, pB : : - Helef j 12177: "S | à d 
o ME E. e indices In each pair (j,w) and (e,h) in equation (14) and 
us obtained from (14), we obtain the id o (18) 
» identity o 
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lôr B" Bp, - 6 ou B]. +6, (o, pim han S Pie NI Bil dg oe 
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LL 


x Òr; 
E d ô ô pm [j f- p 7 A 7 
= 1 27 a Ne. (Ban 


H D > cl 
+A AN p" x > ^ A x’ L 
A.J hì) hor unl, Ra TRI — "01/8519 By Br” 


) EN 
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a 2-0. |G, BP S — (2 pru Je pr yom ^ | 
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dtr 5 f: E 
Le A A pm 
On jl B hoy 


| (et Säi — 
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QU 3 -— , 5 : Dr 
Oy, aol n E pr AA sm jp 3 B? 
ou Gute P óB! -nlò jy pB hys 
1 1 


à EN S 2). : NE DP 
ls, B b âp B” -nló, 8" DECH e 
Pe & le nB” kann i òp B" P 0,8” t (089 Bnd eB 


all EN 3 RC ex 
SA (ap Bi By 50, B^ == 1) Ina Au B*" ban 
n^ 


en We nl, 8% P êp B” -nlò B?" ) 

aora loa Bip äer ben la, B Ps 3,2 
ZE Pê nò, Br) Es 
«e, o B" TA Salon Ben P dib, B” +8, D SA pn | 
-ò aB" hä Sc (0,8 P 199 9,8,B"" - (6, 8" p 5,,0,0,8") 


x 


la 46,0, 8?" ban A 01,0») (o, p bann 
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Um M NO Lane - dd 6, B" bo, B” + ò 6,5" P 


ón GER pj, BP” + ó, 6,5" ban L gf (6, p*" bu (6,5, B"' ) 


ô B2 


p“ s 


à (eB Na B" = 6,8% TNT d vol il GEN H | 


: B c Je SCHEIER 6,0, BP" E X oso 1m opze ) 
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= Soa 00,” J- x a, bula he = 910,8 pm L | 


E 20% g, O m "bar L E ema, po" )- 2 1 Oni 6, p» | 
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i xi al e" Bi buy 6;5, B^" E 95,5) ôn BP" ) 


+2 g, o, o, lo (0, 8") 

9,0, B" Pin 0," bu, por + 946, p bi bänn 

d ò Bam . n D * . H D . D ` 
a ( d bz EN J- 2j 1 P, B" dB} 

AO rip Bal dal clima, A o 
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pm 


nb, B" b.e. BP + Bul Bo pm -2, (5 pm po,B"' + 


¿[5 psm 4 A mpr | Zei Í: 
y op WER -6, B” 5,8 Os BP ja — 1 ee 4/0, B" p,0,B^' 
n? 


-ò ôm o," Pid, BP «ó o B" bà, o po -ò bs B" p oj, BP 
* C ? do, 0,B*" $ baje, o, B" "LA d 6, n ub, BP) e Ree 


is 0,B^" E E ES, o prm] ie pon | 


ES x! bun; Gë, Br" )- om(p ¡9/1 (0,8? J 
...(19) 
Proof. The proof follows in consequence of (14) anad (17). 
3. Decomposition of Conformal Projective Curvature Tensor. We 
considered the decomposition of conformal projective curvature tensor in the form 


=X" Onn (20) 


where hu, is a homogeneous conformal decomposition tensor and X! is a non 
zoro conformal vector such 


p (21) 


t 


>| 


Similar manner the decomosition of projective curvature tensor Ws, in 


the form 
Wren =X ba (22) 
where the decomposition vector X! also satisfies the condition 
X'V,z1 (23) 
H 


Transvecting (22) by xi, we get 


Win = X bin ee 
where 
Onn = = jn? ca 
The decomposition tensor $ jun satisfies the identity 
(26) 


Au, = -Ohr 


We notice that the decomposition vector x: and the recurrence vector V, 
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are transformed conformally as under : 

X' =e Xx (27) 
and 

pecu (28) 
respectively. 


Using equation (20) and (22) in equation (13), the obtained equation 
transvercted by V; and using the equation (21), (23), (27) and (28), we get 


Au =e "A +V;20m BAR lem OB ur: + 33 cb Aë, DE m 


el 


dg alt= p ch, (o, B^" lay - uB” Nar {a 


ch 1 ha, b, B^" lg 


` > > ` ` - Sth : > 2 m 
-nà;,B^" le +01)0,B?" dy -ó, 0, B^" IN S = ben le) 


a: 0,0, B^" M V; TES E 


x : 3 (8110, B^" 1 
SU 


B5 E V;nàj, A s 
EE | Ce E ]- omp bjn B?” ) 


sss B” b, à, BY + Aal. Bo b, à, B?" 


-à à, o, B" "ba, n. M. DIE +, ¿Om B" p; òB”) 
-àn, B" P 5,0, cl äech o, B” i B” b. (0,0, BP” 


“608” bou ,a B7 6, B" an 6o, po PEL 6 Gua" uon") 


m wi A uf" hän oa B" bio por +(5, Bm bà 5 pm 


dos Bävëpcck a Pule p.a Bo Ab, Bob 0, Br" 
See 5, 8,0,8"" -fo ,B" By, pe]. Ze? ue ore 60,8" ba, p" 


-ò ón 0, B?" ba p “On à Bm Pò à, p» zv B*" b à prr 
p JVS s 
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E T ò; Le, Bn b, (o ô, B^" L Qj o, p» Plé, pn P (6, Bam Pj. pe B? 
: sm |à + E r e A IA A m Of A > 
EM (5,8 P jón, BP | = V; elen (4,40 )B? B T 1 On je, B^" 
28) lst 
x Jn eyed bets pm | UGT | pm Y Va Si 
` ER n: Toms |. E "26,1, B! e n2k - 72 2m, Rf pB” gd 
ion j 
...(29) 
which represents the conformal transformation of the decomposition tensor under 
the change (1). 
Thus we state 
Theorem 5. Under the decomposition (20), the conformal decomposition tensor 
la Au is expressed in the form (29). 
Transvecting equation (20) by J, we have 
Win s Xan (30) 
where 
en = band (31) 
Using the equation (23), (28) and (30) in the equation (12), we obtain 
T o i o : im i 
bin = eV Wi, )-e vol ý logs (0, ôB?” Lu 6,87 foo) 
2 | 
1 i f A an 2 7 DR pm zr TA en P | 
2 ESCH (n 164,87 WEE pB” m ( AJO pB Nee *2B Dua) 
} tV 2an P ca ^ lt SE Eher) 


t | o ^ Si A a 
+ ect? ok NOD feran, p" - (n4 10,8?" n e2V,26 0, (614 B dd b, CB 
n*-1 


ot 


Kr D " . 
20 28/2 pr 
= Grade B^ ck 
n+1 Ts | 


2 - Bem, ag | 


n— 


e 1 bp bänn y aye. B” ae 


(32) 


Interchange the indices k and h in the equation (32), we get 
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ion Wi, --Wi, 14). " 
vritue or relation Wo, — -Wnr : 
EY l tions (23) and (24), the equation (32), becomes 
In the veiw of the equa ; | 
[d eit : rm yap 
de és D pi" | E AR {6 648?" m + GAR br. | 
bin =e dan -E V20 m| Oir 0) nl 
1 à d pn) (6 pm) -(, E Bm) x'a 2B GP, | 
a gh T 1n B lp) 7? p ui UY p (r) P 
n“-1 
„i 
Sele Ee pm 
3 im n l BP -—— 9,0 B 
ECHO RE ee? 
Bn lt c 
a ` me : 2 m o A Sn OB 
e? V.2 à le lina p m VM 20 5 [6,8 hls 
em i C mipik Tou, B (n 164,8 iEn re DAG Du 
H zl 
a) oe a d ` sm jp ^ ppr Jk > p» B pm 
-— ôn 0, BP Lg Je BEER P, ue 
n+l n-1 
2 | 2 
E 8, 19,0,B p! | ca 
n- 
(34) tri 
a d 20 
Which gives the conformal transformation of decomposition tensor du K 
under the conformal change. E D 
Theorem 6. Under the decomposition (20) and (30) the conformal decomposition 
tensor Au, is expressed in the form (34). 
: (1. 
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ABSTRACT 
P-transform is a new transform, which is defined on 0<t<-~. Testing 


function space P, has been defined, so that the kernal function of the transform 


belongs to P; . Properties of P; have been studied. P-transform has been extended 


to a class of generalized function. P-transform has been shown as a particular 
case of convolution transform. A real inversion formula has been derived for P- 
(34) transform. 
2000 Mathematics Subject Classification :44-02; 


Du Keywords : P-transform, generalised function, testing function space, inversion 
formula . 
ition 1. Introduction. Let us consider a transform 
¿5 
(11)  Plf(e)] =F(s == Pas n <f (tat (0 < Re(s) « o), 
S.A, : 


where f(t) is a suitably restricted conventional function defined on the positive 
Acad | real line 0«£« o and Q« Res «o. The above transform maps fit) into a complex 


valued function F(s). 


Testing Function space P, and its Dual P, 


eand Let P, be the space of all complex valued smooth (infinitely differentiable) fucction 


class ` MEI defind on the positive real line 0<t< c s.t. for each f(t)e Py. 
Then i 


Qe D^et)s1 ` 4-012. 


ccad: (1.2) Pr (6) = a a 


O<t<wm 


xm) Hence, p, is a norm on P, (k=0, 1,2...) and {pz E, isa multinorm on B. 
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Thus, P, isa countably multinormed space Zemanian ([3], pp 8-9). 
Here P-Transform is a new transform defined on 0<t< x. Testing function space 


P has been defined so that the kernel function of the transform belongs to P 
he S 


resent paper, we study the properties of P, and extend P-transform toa 


eralized function. P-transform is shown as a particular case of 
n formula is derived for P-transform, 


In the p 


class of gen | 
convolution transform. Finally a real inversio 
2. Lemmas. In this section, we establish four Lemmas. 


Lemma 1. P, is a complete space. 

Proof. To prove that P,is a complete space. It is sufficient to prove that every 
Cauchy sequence in Pie a convergent sequence in R. 

Therefore, for every m,n>M, (a fixed positive enteger) 


3 asma! tve e st. Plon- 6| «s. 


Consequently, we get 
Gu CDon) -onte (<1). 


But 3 a smooth function A s.t. for each k and t, Dia ri D'o(t) as m >o. 
Due to Apostol [1,P 402], we get 


(22) (teo p^, ()- e(t Jes. (tea n> M,). 
Therefore, as n> 


Pildn Aan for each k (R=0,1,2...) . 


Also, since A, (t)e Ps, so we get 
Ga [+ D'%,(0)<c,, 


h i ; 
where C, is a constant not dependindg upon n. An appeal to (2.2) and (2.3) giv 
Wei? 
ësou 


sS 


1219 pba 
(CH ëata, blah Diy Je c C, ro 2.2 and 2.3) 


which shows that the limit function $(t)e P 
p H 


Hence, (o, lis Kean) E An eGangotri Initiative 
p D 


(Le Ët e Eh E 


65 


Therefore, P, is a complete countably multinormed Space. 


Space 
p. Let P', be the dual of F,. Then f e P'yiff it is a continuous and linear functional 
*. on ĦA since P, is a testing function space (Zemanian [3],pp 38, 391). 
à 
se of So, P'y is the space of generalised functions. 
form, 


Thus, for any f € Pv and Ae P,, value of the generalised function is denoted by « 
fh». 
Lemma 2. To prove (2/1) t? /$--S9)e P, for B<1, 0«£«« and 0< Res « ». 
every. Proof. Let us consider, 
2/.5t* (s + ls CEPSA 
Consequently,we get 
(1 £ D*(2/me tE +s) =P, (t, )/Q,(t)(B <1), 
where P,(t) and Q,(t) are the polynomials in ¢ s.t. the order of Q,(t) >order of 
P,(t)V k=0,1,2... . 
Therefore, we get : 


2. 
sup( 


O<ten 


(10) D*(2/n)e8 65 «:5)) bounded for all B<1,0<s<o and &-0,12.. 


Hence, (2/1) 45 (t$ +52) ef. 


Lemma 3. DI) is a subspace of Py , where DU) has been defined [3, pp. 8-9]. 


Proof. Let. ée D(1)> sup|D*4(¢) is bounded, 
tel 


where f(t) is a complex valued smooth function non zero within the compact set K 
of I=]0, » [ and zero outside K. 


gives = sup|a * t} De) is bounded for all p < 1, k =0,1.... 


> de Ey. 
Therefore, we get 
(24) D(I)s P,. 
Thus, the convergence of a sequence in DU) implies the convergence of the sequence 
in R, Consequondi OPENER bt rptu 
ft ~—- 
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H DU) is not dense in Fp. Thus, we cannot identify P, with a subspace of 
owever, 


D'(). Actually, the different members of jm can be found whose restriction to Dr 


are identical. 


Lemma 4. P, is a dense subspace of EU) where EU) has been defined (3, pp. 8-9] ; 
Ep 


Proof. Let 6€ P, > sup|( + t)! Dole) is bounded, where B «1, k= 0,1,2... 
Dim 


D'#eis bounded where k is a compact set of [=[0, æ ] 


> sun 
tek 


$e El). 
Therefore, we get 
(2,5) Pc Eli) 
An appeal to (2.4) and (2.5) gives I 
(2.6) DI € P, c EU). 

Also, DU, is a dense subspace of E(I). [Zemainan (3.P3.7]. 

Thus, from (2.6) it follows that P, is a dense subspace of EU), Hence, we get the 
result. 


3. Extension of the P-Transform to a Class of Generalised Function. 


Let us call f as a P-transformable generalised function if it possesses the l 
following properties : 
i. f is a functional on some domain d(f) of conventional functions. 
f is additive in the sense that if 8,9,8+ are all members of d(f), then 


<f,0+o> =<f,O>+<f,b>. 


ii. 


Hi. — Pj = d(f) and the restriction of f tof, isin Pr. 
Also 2/1. 45 fes *s$)e P, for Bx 10 « Res «o. 


We define the generalised P-transform of f by 
(3.1) F(s) =P[ftt)]= «f, (2 /n).t°(¢8 
where, se Of ; and 


(3.2) Of ={5:0< Re(s)« o. 
Chus, Pis called the vegion gb geitin utes to tango tty 


“o are the abscis% 


aw. 000 EZ 


+s8°)s 
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of definition. Morever, we call to the operation P:f F as P-Transform 
a 4. P-transform as a Particular Case of Convolution Transform 
Let us consider the convolutional transform 


(1) 
(4.1) H(x)= E h(y)G(x - y)dy(- o « x <a) 
-9] and let us choose for the kernel 
(2 Gle-y)- (2/1) 1/(1+ e$») 
and  G(t)=(2/1)/(1+ e*!). 
Let us change the variables of (4.1) and (4.2) by putting s=e* and t=e. Thus we get 
Diz 
(4.3) H(ogs)-— [^ logt) 2168458) dt 
= f Aflogt) d (eS +85) dt (0<Re (s)< 00). 
If we put H(log s)=F(s) and blog £)=f(t), then (4,3) becomes 
(4.4)  F(s)- 2 E f(t) t°/(e® +s®) dt( 0 < Re(s) <o), 
n Lo 
the which is identical with (1.1). 
Therefore, (1.1) is a particular case of convolution Transform. 
5. A Real Inversion Formula for p-Transform. 
ion. 


the Let 1/E(s)|“ = G(t)e-*'dt 


Bp 
;hen mitotic £ dt 
-2 IN : 6 x dx (by substituting el =x). 
ek 


5 
9 mx t 
cis? = ofo Souda ngri Collection, Haridwar. An eGangotri Initiative 
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_(S+6 
= COS NE > E(s)- ssi 6 ) 
6D EG" 3sint(s+6)/6)n. 
(1) if (s+5) is an even positive Integer. 


(ii) (s+5) <6i.e.s «1. 
s+5 


E, 
The result (5.1) is obtained by the contour integration of 1428 on a semi 


TA 
circle with centre at the origin and radius R — œ. Therefore, E(s) 23Sin[(s--6)/6] x . 


where E(s) is called the inversion function corresponding to Git). 
Now the inversion formula of (1.1) is given by {2p.8] 


3 Sin [(D+6)/6] x H(t)=h(t) (-» <t < oo). 
The substitution ¢ = logs > H(logs)- F(s)= blog s) - f(s). 
"Therefore, (5.1) gives 


(5.2) 8sin|(D +6)/6}xF(s) = f(s) (0« s «c) 
which in an inversion formula of (1.1). 
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ABSTRACT 

The aim of this paper is to establish a theorem on approximation of a 
function by generalized Nórlund means of its Fourier series which generalize 
several previous results. 
Keywords and Phrases : Fourier series, Generalized Nórlund means. 
2000 Mathematics Subject Classification : Primary 42A24; Secondary 42B08. 

1. Introduction. In 1943, Iyenger [7] proved a theorem on harmonic 
summability of Fourier series: The result of Iyenger [7] was generalized by Hardy 
[4], Hirokawa [5], Hirokawa and Kayashima [6), Pati [10], Prasad [14], Pandey 
[11], Rajagopal [15], Siddiqui [16] and Singh [17], for (N,p,) summabiliity of Fourier 
series under different conditions. Dealing with Cesáro-means of Fourier series of 
a function, Flett [2] has obtained a result on the degree of approximation. This 
result was generalized by Izumi, Sató and Sunouchi [8] and Siddiqui [16] by using 
Nórlund means. Working in the same direction, the result of Siddiqui [16] has 
been extended by Porwal [12], Gupta and Pandey [3] and Chourasia [1]. The purpose 
of this paper is to establish a very general result than those of Porwal [12], Gupta 
& Pandey [3] and Chourasia [1] so that their results come out as particular cases. 

2. Definitions and Notations. Let f be 2n-periodic and integrable in the 
Lebesgue sense. The Fourier series associated with f at a point x is given by 


a - : 
ut Y (a, cos nx +6, sin nx) 


t n=1 


where a, and b, are Fourier coefficients of f and are determined by 


Gi, = a In f (x)cosnx dx (n 2.0) 
Tiaa i 
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b = 1 f7 f(e)sinnx de (n>0). 
n -K 
Let (p,) and (q„) be sequences of positive constants such that 
n 


ES LS ip SS n-k #0 20 
EA, Q,, Zi n 2 Pra k (n > ) 


where P,, Qn and R. >» as no. 


mn pio: be series whose n‘? partial sum is denoted by S,.. 


n=0 


Write 


n Du, Ak 
Ra k=0 


If NP 5 s as n — o, then the series Ža, or the sequence (S, ) is said to 


n=0 
be summable to S by generalized Nórlund method. We write for each real x, 
8t) f(x +t)+ f(x - t)- 2f (x) 
and t or [ut], the integral part of l/tin O<t<r. 


3. Main Theorem. If 0 <a « 1, 0«6sm and x isa point : 


»()- Muy a 


> Ole yh) as t>0, 


(3.1) 

where 
Rahle) +0 as 150, (3.2) 
J IR io) du= Okta Ap y] (3.3) 


and hit) is a positive increasing function such that 
h(t) 0 as t. 9, then 


N7*(f:x)- f(x)- Ol, ys 


Cab O[yR, ]. 
4. Lemmas. We shall re 


quire the followi E | 
theorem: CC-0. Gurukul Kangri Collection, Harina A8 dem mas iD the proof of the : 
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Lemma 1. Let the sequence (p,) be non-negative and non-decreasing, then for 
0za «b «c and for any n, 


b 
Ds Pn-k exp(ikt) 


k-a 


< MP, 


uniformly in 0 « t « x, where M is some positive constant not necessarily the same 
at each occurrence. 

For its proof see Mc Fadden [9]. 
Lemma 2. Let the sequences (p,) and (q,) be non-decreasing, then for uniformly 
in O<t<r, 


b 
23 Pnn-k sin(n -k+ 1/2)t = O(R.). 


k=a 


Proof. We have 


SX ES 


k=0 


d to 3 pnan-rsin(a-k+1/2)t 


k-a 


n 
UE 
where 


EES 


XE = PnOn_p sin(n-k+1/2)t 


-1 
«Y p Pn@n-k s Y Pads z 
k=0 k=0 


Now, since q, > q,,,,, therefore 


Qi 2 KÉ: for n2t. 


Hence 


3.1) » 1 s Nos 
k-0 


By Abel's lemma 
3.2) 
regen 


Ya Sp max 
tsrs 


3.3) 
where 


-p Sin(n — & +1/2)t 


the . E q, ftiv) ems: east. (sinta 
Í ee 


4 sin kt 


< MQ,, by lemma 1. 


Thus ye S MPQ, B MR, 


since R, = Yg. 2 pace E PQ. ó 


k=0 k=0 


Combinir.g above results we finally have 


Lp. In-k sin(n -k+1/2)t| = O(R,). 
h=0 


Lemma 3. Let (p,) and (q,) be the sequences as in lemma 2. Then 
O(n) ; (O<t<1/n) 
={O(R,/tR,) ; (1/n<t<3) 
OWR,)  ; (8<t<n) 


1 cS sin(n -k 1/2) 
Sa, £c dn TO) 


Proof. We have for 0 « t « Un 


sin(n —k 4-1; DM 
Bx dna "e sint/2 


k 1/2) 
=O, Y na. Id 


=O(n) for 0 « t « Un. 
Now for l/n «t« 8 


1 sin(n-k +1 2) 
P Qn- BCEE 
e 2, Qiu Sint 2 


=| Pid „Snl -k+ 2} 
TR, be sint/2 


iS YR, O(R, /t), 
= O(R, JON, Ne 


Similarly we can prove the third 
Lemma 4. Under the condition ( 


lisas OF Riya) 


a 
ufukul Wall AA An eGangotri Initiative 


by lemma (2) and since sint/2>t/n (0«t« n) 


part of the lemma. 
3.1), we have 


Proof. We write 


lolu) ue 


u 


à 
o(t)= f; 
then by hypothesis of theorem, we obtain 


INTO M ¡du E Lucy 


= Ltd, Det 
- -t@(t)+ Lët: 


- ok (Ry) (C) n f (Buntu) du 


= opm no | , by (3.2) A (4.1) 
Hence, we have 
l l R RU 
[jede = LW, 


1 t 
= 0| —— Ryd 
= Vo ui J 


= dzl (AIST | by (4.1) 


= OREAREN] as 150. 
5. Proof of the main theorem. Let S, (f;x) be the n'h partial sums of the 
Fourier series of f Then (N,p,,q,) means of S, (f;x) is given by 


Nas (fix) = ese Sr Se (f;x) 


n k=0 
where 


i 1/2 
S,(f;x)- : [rires ris oa 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


74 


Hence 


Nafa Fle) =p pian Seal) 


L mo) s in(n - & « 1/2) tdt 
TO gn Sin(n - k * 1/ 
Zb, Í sint/2 2» ! 


lin à Di 
= || +f +f 
0 in Jà 


= 1, +1, +1, (say). (5.1) 


Lin 


Now H -Olnf, Hear) by lemma 3 


- On HB, Yama ) by lemma 4 


-o(&R, Fil, AP (5.2) 


Next, we have 


1 ps Wë 
"mE dé La, ale lemma 3 


1 A 
dän al by (1.1) 


S gu, EET | : (5.3) 


Finally, we consider 


L vléit) 
Tgl =0 — DI) 
(ët ox I ^ Rial |, by Lemma 3 ` 


by Reim; 

e Ge theorem and regular conditions of summation procees. 
g (0.1), (5.2), (5.3) and (9.4) we get the proof of theorem. 
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ABSTRACT 

In the present paper we prove acommon fixed point theorem for six mappings 
in Menger spaces. Our result unifies and generalizes some of the previous known 
theorems due to Dimri and Chandola [2], Sharma [9], Singh and Chauhan [11] by 
using a different contraction condition. To some extent we replace condition of 
compatibility by R-weak commutativity of the mappings. 
AMS Subject Classification (2000) :47H10, 54H25 
Keywords : Complete Menger space, R-weakly commuting maps, Common fixed 
point. 
1. Introduction and Preliminaries. Menger [4] introduced the notion 
of probabilistic metric spaces (PM-spaces). Sehgal and Bharucha-Reid [7] initiated 
the study of fixed points in a subclass of probabilstic metric spaces. They extended 
the notion contraction and local contractions to the setting of Menger spaces. The 
study of this space expanded rapidly with the pioneering works of Schweizer and 
Sklar [6]. Se 

Sessa [8] initiated the tradition of improving commutativity conditions in 
metrical common fixed point theorems and introduced the notion of weak 
commutativity. Motivated by Sessa [8], Jungck [3] introduced the notion of 
compatible mappings. In this connection Pant [5] introduced the notion of R-weak 
commutativity which asserts that a pair of self-mappings (fg) on a metric space 
(X,d) is said to be R-weakly commuting if there exists R>0 such that 

d(fex,gfx) < R d(fx,gx) for all xe X. 


Recently, Singh and Tomar [12] presente 1 
forms of commuting maps and obtain some results for non-commuting and non- 


Continuous maps on non-complete metric spaces- In 1998, Dimri and em 
Introduced the concept of R-weak commutativity for a pair of dies rue 
Metric spaces and established a fixed point theorem for generalized non: 
Contraction SCH 2 
5 | ae 
In the present paper we prove a common fixed point theorem for six mappings 


ivity. Our result unifies 
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j icti ditions on mappings. 
Chauhan [11] with less restrictive con itic | PS j andi 
n 1.1 [7]. A distribution function is a mapping F: da > ^ PEIUS n 
decreasing and left continuous with inf F=0 and sup F-1. We sha ote y 


the set of all distribution functions. 
Definition 1.2 [7]. A probabilistic m 
is an abstract set and F is a mapping o 
function F(p,q) with every pair (p,q) of points 
function F(p,q) by Has The functions GH 
conditions: 
(PM-1) F,, (x) 21 for all x > 0 iff p=q, 
(PM-2) F, y (0) =0 
(PM-3) Fog = Da 
(PM-4) If az (x)=1 and Mae then F Gcty)- lo 
Definition 1.3 [7]. A triangular norm (briefly, a £ -norm) is a function 
t:[0,1] x [0,1] > [0,1] satisfying the following conditions: 
(i) t(a,1)=a and t(0,0)—0, 
(ii) ¿(a,b)=t(b,a), 
(iii) żid) > (a,b) for ca, 2 d 2 b, 
(v)  t(t(a,b),c)=t(a,t(b,c)). 
Definition 1.4 [6]. A Menger PM-space is triplet (X,F, t) where (X,F) is a PM- 
space and t-norm ¢ satisfies 

Fp (x,y) t 7, Dh ,(y)} for all x,y > 0 and par € X. 

Note that among a number of possible choices for ¢,¢(a,b)= min{a,b} or 
simply "¿=min" is the strongest possible universal £ (cf.[6]). 

Schweizer and Sklar [6] have proved that if (X,F, t) is a Menger PM-space 


with a continuous t-norm, then X is a Hausdorff space in the topology T induced 
by the family of neighbourhoods 


etric space is an ordered pair (X,F), where X 
f X x X into D i.e., F associates a distribution 
in X. We shall denote the distribution 
are assumed to satisfy the following 


ÍN (EÀ): peX,s»0,» o) where Nple,4)- {x EX: F, p(£) > 1—1} ; 

pee 1.5 [1]. Let A and B be two mappings on probabilistic metric space X. 
he pair (A,B) will be called R-weakly commuting if and only if 

= Rap, pau(Bx) 2 Fp, 4, (x) for all ueX and R50. 
efinition 1.6 [7]. A sequence(u,) in a probabalistic metric space X is said to 


converge to u if and only if for each 1 > i itive i 
C qn 2 0, x 2 0, there exists a positive integer 


F, w(t)>1-) for all n> N. 


Or, equivalently lim J AES eut 


Lemma 1 [4]. Let (u }beas i 
Tene? quence in a Menger space X. If there exists a number 
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ET VM (kx) > LEE (x) for all x>0 and n=1,2,..., then (u,) is a Cauchy 

sequence in X. 

2. Main Result. In this section, we establish the following common fixed 
point. 

Theorem ` Let A,B,S,T, I and J be self mappings of a complete Menger space (LEE 

t) where / is continuous and satisfies t(x,x) > x for every xe[0,1], satisyfing the 

following conditions: 

(1.1) AB(X)c ST(X) c IX) 

(1.2) if either (a) J or AB is continuous, pairs (AB,I) and (ST;J) are R-weakly 
commuting or (a') J or ST is continuous, pairs (AB, I) and (STJ) are R- 
weakly commuting, 

(1.3) Kap gr, x). Fr, gy) for 0<k<1, x20, uv eX. 

(1.4) (A,B) and (S, T) are commuting. 

Then A,B,S,T, I and J have a unique common fixed point. 

Proof: Let u, be an arbitrary point in X. Since AB(X) c J(X), we can find a point 

u; in X such that ABu¿=Ju,. Also, since ST(X)cI(X) we can choose a point ug 

with STu,=Ju,. Using this argument repeatedly one can construct a sequence 

{y,} such that 
Yon 7 ABus, Jus, 41 and 
än +1 Tus, 417 luo, 42 for n=0,1,2,... 

Now from(1.3) and properties of t-norm, 


bana (kx) = Fora Asis (kx) 
SE 0%) 
uae E) 
dires E) 
umo ree) 


In general, Fy A (kx) 2 Hoi (x) for all n e N. 
Thus, by Lemma 1,{y,} is a Cauchy sequence in X, Since X is complete, 


(y, coverage to some point z in X. à 
Since {ABuy,}, (Jus, 41^ (STus, 41) and (Iuo, 9) are sub-sequences of {y,}, 


they also converge to the point z as nc. $ , 
Case I. Let us assume that I is continuous. Then the sequences U*us,) an 


UABu,, } converge to Iz. Thus for x>0,A€(0,1), there exists a positive integer 
N(x,X) such that 
(L5) Frapu, I2(x12)7 1-A and 


- F? _ for all nz N(x,A). 
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Using (1.5), we have | | 
Fagu, mor CF pins, LAB (x12) Frage, A (x/2)j for all n2 N. 


Using R-weak commutativity of AB and I,we have 


FaBlu, el) > dp, Bu, («/2R),FraBu,, ie (212) d 


Therefore from (1.5), 
(16) ABlu,, > zas n o. 
From(1.3), 
FABI, Tu, 2) 2 Pa, ju, (x). 
On Lettting n> and from (1.6), we get 
Fy, x) 2 Fy, (x), which is not possible, since F is non-decreasing therefore 
Iz=z. Again using(1.3), 


Fun, ls EU (x). 


Letting n — c, we have 
Fg, ex) 2 Fr,» (x) > 1 which implies that ABz-z. 


Since AB(X)c J(X) there exists a point w in X such that JW=ABz=z, so that 
STz=STz=ST (Jw). 
Now from (1.3), 
F, stw (kx)= F ABz,STw (Rx: ) 
2 Fie ux) 


=F, (x) l,a contradiction. Thus, 


(1.7) STw=z=Jw, which shows that w is t 


SCORE : : 
Ning tlie R e coincidence point of ST and J. 


-weak commutativity of (ST,J) and from (1.7), for R>0 we have 
Esryuustu (Rx)2 F, Stu ux) 1. 

Therefore ST(Jw) = J(STw). 

Hence STz-ST(w)-JSTw --Jz, 


the pair (STJ). which implies that z is also coincidence point of 


Using (1.3), 
F, sp x) = Pap. srs (kx) Since ABz=z 
2 T (x) 


implying thereby ST2=2=Jz, 
Therefore z is a common fixed point of AB, 1, ST and J 


Case II. Now su 
. ose t; i : 
ppose that AB is continuous, so that the sequence ( ABYu j 
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(ABlu,, y converge to ABz. Since (AB, I) are R-weakly commuting, therefore, 
Tun AB: (x) i CP Tape AIO, (2/2), Farro, ABz (x/2); 


a T Iu, GI 2R), PaBru,, ape (x/2)j 
for all n > N. 
Letting n — «, above inequality implies that 
(1.8) JABu,, > ABz. 
Again from (1.3), we have 
Fan; (kx) = Fa. (x). Therefore ABz=z. 


As earlier, there exists w in X such that ABz=z=Jw. 
Then, 


F 


(ABI Zu, 5 


e (kx) > us, ux) ; 


which on taking the limit nb» reduces to 
F, sn (Ex) 2 F, gr (x) tirs implies that STw=z=Jw. Thus w is the 


coincidence point of (ST, J). Since the pair (ST, J) are R-weakly commuting. then 
STz=Jz. 


Further, Fan, sr. (Ex) = Fiu, :1. (x) reduces to 
F, sr, (Ex) 2 F, sr, (x) as n >o, gives STz-z-Jz 
Since ST(X) c I(X),there exists a point in X such that 
Iy=STz=z, then 
Fapy (Rx) = Fa py sr. (kx) 2 Fry ge (x) 2 F,.(x)— 1 which gices ABy=Z . 
Also (AB, I) are R-weakly commuting, we obtain 


Pape iz (x)= TE (x) since ly=z=ABy 
2 Fy ABy (x/R) 
=F, (x/R)> 1 gives that 


ABz=Iz=z : 
Thus z is a common fixed point of AB, ST, I and J. 1 
If the mapping ST or J is continous instead of AB or I, then the proof that z is a 


common fixed point of AB, ST, I and J is similar. 
Let z' be another fixed point of I, J, AB and ST, then 


F, (Rx) F Fa. ste (kx) 5 
2 In) 
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z-z . Hence z is unique. l | | 
Finally, we prove that z is a unique common fixed AMO y: e Su e ioe 7 3 
We have shown that z is a unique common fixed point of A, B, 5, 1, 1 J. Then, 
using commutativity of A and B, we have 
Az=A(ABz)=A(BAz)= AB(Az) which shows th 
the unigr.e fixed point of AB. Therefore 
Az=z=ABz. Similarly Bz=z=ABz. : : | 
Again using commutativity of S and T and in view of uniqueness of z, it can be 


at Az is a fixed point of AB, but z is 


shown that 
Sz=z=STz, Tz=z2=STz. 
Hence z is a unique common fixed point of A, B, S, T, I and J. 
Remark 1. If we put J=J, A=S and B=T=Identity map in the Theorem, we get 


the following result: 
Corollaryl. Let A and J be self maps of a complete Menger space X such that 
(A,J) are R-weakly commuting, J is continous and 


Pry a hx) 2 Pry gy (x) for all u,veX, x>0 and 0<k<1. 
Then A and J have a unique common fixed point. 
Remark 2. A number of fixed point theorems may be obtained for two to four 


mappings in metric, probabilistic and fuzzy metric spaces as the special cases 
from The Theorem. 
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ABSTRACT 
The present investigation deals with a stochastic model for multi 
components system with spares and state dependent rates. We study the machining 


system where failed units may balk with probability (1- B) and renege according to 


exponential distribution. The queue size distribution in equilibrium state for the 
system having M operating units along with mixed spares of which S are warm 
and Y are cold, is established using product type method. Since the reliability of 
the system, depends upon the system configuration, the provision of r special 
additional repairmen which turn on according to a threshold rule depending upon 
the number of failed units in the system, is also made. The expressions for some 
performance measures are provided. The expressions for expected total cost per 
unit time has also been facilitated. By setting appropriate parameters some special 
cases are deduced which tally with earlier existing results. 
Keywords : Machine repair, Mixed spares, Queue Size, Balking, Reneging, 
Additional repairmen, State dependent retes. 
2000 Mathematics Subject Classification : Primary 90B50; Secondary : 91B06. 
1. Introduction. The study of fascinating area of machine repair 
problems via queueing theory approach can play a crucial role in predicting system 
descriptions of manufacturing and production systems. In the industrial world, 
the machine repair problems arise in many areas such as production system, 


computer network, communication system, distribution system, etc. When a 
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machine fails in a system, the interference occurs in dus production if all Spares 
have exhausted. A machine interference problem 1s pad um pa Markovian if the 
inter arrival time and service time are both exponential. Machine Sepa problem 
with spares and additional repairmen is an extension gi machine interference 
problem. In view of machine intérferenc, the provision of SEN units is 
recommended as by using these units the system may keep working to provide the 
desired grade of service all the time. There are three types of standbys namely 
cold, wd and hot as defined below. A standby machine is said to be a cold standby 
when its failure rate is zero i.e. only operating units fail. In case of warm standby, 
the failure rate of spare unit is non zero but less than the failure rate of an operating 
machine, and is called hot standby when its failure rate is equal to an operating 
machine. The available standby unit may replace the failed unit whenever the 
operating unit fails. The behavior of the failed unit depends upon the number of 
failed units ahead of it. 

For maintaining continuous magnitude of the production, itis recommended 
that the spare part support and additional removable repairman will be provided. 
It is worthwhile to have a glance on some of the relevant works done in this area. 
The queueing modeling of machine repair problem with spares and /or additional 
repainmen has been done by many researchers. Gross et al. (1977) considered the 
birth-death Processes to study markovian finite population model with the provision 
of spare machines. Gupta (1997) introduced machine interference problem with 

ith spares and additional repairman. Jain et 


al. (2000) and Shawky (2000) studi 
ed a problem with T : in 
case of long queue of failed units, one additional repairman 1 


ging for machine repair problems in different 
y researchers working in the field of queueing 
blems with balking and reneging have been 
u El Ata and Hariri (1992) and many others. 
gated M/M/R machine repair problem with 
d 1997) and Jain & Singh (2002) considered machine 


with balking, reneging and se 
queueing model of machining 


syst i : . 
and two modes of failure, A1. MES ih balking, 


reneging, additional repairma? 

and variable channel considering balki ed a queueing model with fixed 

Suggested a loss and delay Toile) foe ng and reneging concepts, Jain et al. (2005) 
Gë b < ueuei 3 t 
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reg 
the In this paper, we study machine repair problem with balking, reneging, 
em ^ spares and additional repairmen by using birth death process. The spares are of 
nee two types namely cold and warm. The life times and repair times of the units are 


assumed to be exponentially distributed. The terminology of the model and 
the notations used are given in section 2. In section 3, the governing equations in 
steady state and their product type solution are provided. In section 4, some 


K peniormauce measures are derived; In section 5 cost analysis is made. The discussion 

by and ideas for further extension of the work done are given in the last section 6. 

D. 2: propos. DESCHITSDLOIN AND NOTATIONS 

ing Consides mized multi-components E system with balking, reneging, 

the spares and additional repainman. For formulating the model mathematically, the 
following assumptions are made : 

84 * There are M operating, S warm standby and Y cold standby units in the 

system. 

ien * The system will work with at least m operating units where for normal 

ss functioning M units are required. 

d T The life time and repair time of units are assumed to be exponentially 

nal distributed. 

Ze ^ The repair facility consists of C permanent repairmen and r additional 

lon removable repairmen to maintain the amount of prodution up to a desired 

ith goal. If the number of failed units is more than the permanent repairmen 

del then we employ the additional removable repairmen one by one depending 

| et 


upon work load. 

in E After repair, the unit will join the standby group. Whin an operating unit 
fails, it is replaced by cold standby unit if available. If all cold standbys are 

ent exhausted, then it is replaced by warm standby unit. 

ing * The repairmen repair the failed units in FCES fashion. 

E * — We assume that B(0<8 <1) is the probability of the unit to join the queue 


when all permanent repairmen are busy and some standby units are available 


ine and f, when all standby are exhausted and no additional repairman turns 

Us on. When (1 x j <r) additional repairmen are working, the balking probability 

em > 

ja is given by 1-B);. 

an * Failed units renege exponentially with parameter v when all permanent 

ced repairmen are busy and standby units are available. In case when all standby 

05) unnits are exhausted and number of failed units is below and equal to ee 
i i ted by us. Unit reneges exponentially wi 

d level 1 BEE parameter is denot GE eGangotri Initiative 
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par 


repairmen are busy. 
pi The additional removabl 
upon the number of failed units present In the system 


ameter v; when all permanent repa! 


rmen and j(1« j xr) additional 


e repairmen will be available for repair depending 
according to a prescribed 


scheme as stated below : 


When there are n «T failed units, on 
available for repair them. 
In case of jT « n « (j * 1)T , fl, 2,....7-1, there are j additional repairmen 


ly C permanent repairmen are 


available to provide repair with rate p. The j ^ additional repairmen is 
again removed when queue length drops to jT-1, ¡=1,2,...,r. 

In case of rT «n «M--S-- Y-m failed units, all (C+r) repairmen i.e. all 
the permanent and additional repairmen will be busy in the system. 
We develop the mathmatical model by taking suitable notations which 


are given below : 


Sea fey Nas Gap cU Tesi ded 


: Repair rate of jth (i21,2.. 


: The number of operating units in the machining system. 
: The number of permanent repairmen 

: The number of additional removable repairmen 

: The number of warm standby units 

: The number of cold standby units 

: Failure rate of operating units 

: Failure rate of a warm standby 


: Joining probability of a failed units in the queue when some 


standby units are available. 


; Joining probability of a failed units when all standbys are 


exhausted and j (j=0,1...,r) additional repairmen are turn on. 


; Reneging parameters of failed units whin a few standbys are 


aviable, and no standby is avialable and 1 (j0,1...,7) additional 
repairmen are turn on. 


: Repair rate of permanent repairmen. 


: Faster repair rate of permanent repairman when all standbys are 


exhausted. 


7) additional removable repairman. 


S : 
tte dependent failure rate, repair rate of units when there are” 
failed units present in the system. 


: The number of fa 


including € | Kangri USAW ooh orsystemtiwniibineg for their repa 
8 those failed units which are being repaired. ; 


me 


87 
Pr : Probability that there n failed units present in the system in steady 
state. 
far : Probability that is no failed unit in the system. 
3 FORMULATION OF THE PROBLEM. We assume two cases for 
analysis purpose, which are given as follows : 
Case I: (Cie Y 


In this case the failure rates and repair rates of the units are state dependent and 
are given by 


M2 + Sa, 0O<n<C 
MiB+ Sa, C<n<Y 
M8 (S + Y -n)a WS Pew 
me) MAB, +(S+Y -n)a Y+S<n<T (0 
(M * S«Y AB, jT «n «(j -«1)7,j -12,..,r 
(M A S « Y MXP,, rT’. <n<M+S+Y-m 
and 
nk, (6! 
Cu +(n-C), C<n<Y+S 
Cy, +(n-C)vo, Y+S+1<n<T 
=p(n 5 kece i l 
Cup + omi tln—C 4 jp, jT «n «(j 1T, j -12,.,7 -1 
pzil 
Capt Yuu en-Corbr, rT «ns M«S«Y -m 
pel . 


(2) 
Using appropriate state dependent rates given in (1) and (2) we can write the 
governing steady state equations as : 
- (MX + Sa)p, * up, = 0 


- (MX Sa +np)P, + (MA + Sa)p, , + (n lp, = 0, 0<n<C 


(3) 
CH 


- BGH 
- (MAB +Sa+Cp)p, + (Mà + Sa)p * (Cu  V)p.a =0 
- [MAB + Sa + Cp + (n - Cy], + (MAB + Sa)p, + [Ch +(n+1-C)o]P,..1 “0, 
C<n<Y ...(6) 
- [Mig +(S + Y -n)a +Cu+(n=-C)olP, + [Mag + (S «Y +1-n)o]P,.., 
+ [Cu +(n+1- CYP: Gurukg! Kangri Collection, Harian Ydasbotri Initiative (7) 
n D 
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UO + Cua (Y 4S Cl + (MAB + a)Py.s-1 

+|Chy sit +S+1-CholPr+se =0 ...(8) 

- [Mapp (S «Y -n)a+Cuy + (n kale, #(M280 + (S +Y +1- n)a]pn-ı 

+ (Cay «1-7 Co [osi =0, Y+S<n<T (9) 

2 [a +S +Y “Pap, +Cuy + (T Choo Pr + [M480 + (S +Y +1-T)a]P,.. 

a +11 sf Ch Pra =0 (10) 
li ja NX 

“IM S+Y - T8, «Cup + h + UT-C«j- iv. por " 


12] 


Ji m ud 
[M «S «Y «1- JB Pips + o, Des el C + Ib, Pim =0 
: =] 
121,2... r-1 ...(11) 


1 CTI ; 
x (M a S«Y - np; + Cu, än «b-c, p +(M+S+Y +1-npg,lP,., * 
t=] 


J ——À 
Cup + Nu; +(n+1-C+ jp; = j 
| Hy + Zhi S SE ¡T<n<(J+DT j=1,2....,r-1 (12) 
: r-l i 
-|(M+S+Y- - 
| +S+ TMB, Che Di GT i-e). fn, 


Hon Sey armi a ; b 
r-1 rT- F*2Mt*vT-1-C Per = 
2. ( FT D,E T+ 0 ...(13) 


-| (M+S+Y ab, «Cu, al a 
| | JAB, + H+ Za ta. Cah, P, +[M+S+Y +1- nB, P,a 


ta i ` > 
+ Cuy +) uy ease), e =0 
t=] 


| TT<n<M+S+Ym (14) 


-| Cp SS ;+(M+S4+Y- aus 
| 4 n: | ` Eh, Ps M88 Puss na ei 
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Be 


11) 


at 


15) 


is obtained as follows : 


Mh So. 
[Iesse LL Je SC O<n<C 
(Mi Sa)" * E + Se) 1 
n 7^0» C«nzY 
I] [Cp + (% - C)v] E c. 
k= SC 
Ilang: (S+Y +1-i)a] 
PNE (MÀB- Sa)" SLP), y SA 
[ICs «(6 - cy] 
h=C+1 
n Y+S 
TT [Mabo «(S «Y «1-ie] [] [MiB +(S+Y «1-iy«] 
AS Po, Y+S<nsT 
Tiles; +(%-C)up] Heu « (&- cy] 
k=Y+S+1 : k=C+1 
re? Da syg Ar 
m i=T+l 
n-jT j-1 (1+1)T 
I] [Cy s +(K - Ch Ir I] lou «ds +(K - C+1b, 
k=c+1 1-1 k=1T+1 
T. 
El M2By +(S+Y +1- Zu (3:94 | 
pintas NE ST «ns TT s jer 
Do, #(k-C)vol 
k=Y+S+1 2 
Dis: Dag," Ou? r) 
TI (Cu, £u +(K = Carb.l FI ] Donn: +(K- ee 
k=rT+1 i=1 k= ll, E 
y A —— v0 rT <n<M+S+Y-m 
r-1 (1«1)T 1 — 
a 
1=1%=IT+1 i-l ..(16) 
Where 
C 
S, (2:597 ET S, =(MAB+ Sa)’ £S, 
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The steady state solution of equations (3)-(15) by using the product type solution 


90 
T . 
Y+S ie pal À [ [280 +(S+Y+1-i)a] 
WE +Y 1 S S, E Ch Su - SE 
S3 ee a 2 ] lev. +(k-C)uo] 
II Cu+( (k- y] hzY «S41 
k=C+1 


M+S+Y-m 


using the normalization condition p P, #1. Now we get 


Now we determine Fy, TEN 


a ye Bose x - Em 
E i 5 S "E Hen (k - 


k=C+1 


vss Tg (SY «1- iy] Tian «(S «Y +1-io] 


e BD Sa) Y, EX — Ba £P 
n=Y+1 Leu. +(k - Cy] [e + (k- Cy] 
k=C+1 k=C+1 


F Y], +(S+Y+1-5)e] TI, «(S «Y +1-i) inu: | 


Y st " S; i=Y+S+1 e i 
n=Y+S+ 
dens 6-0] HC, « (e- Co] 


k=Y+S+1 


r=) LU TMS ai Da)” yA lp) ae 


1 
ici: © o vm c 
(1 1 [Ba slop, ez II CN ëch 


k=jT+1 i=l 


o cor MET CNN 1 
Bi m: elo Da EE 
k=jT+1 2 4 ch n CA 
=1k=IT +1 


1-1 
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Ss O 


get 


9] 
E n-rT 
EU Dez iB, ) 
n r-l : 
n=rT +1 I] Cp, - 237 T (k a C F3 rb, ST) 
k=rT'+1 i=] 
Case-II : C>Y 
In this case the failure rate and repair rate are as follows: 
MX as Sa, ` 0 <n< Y 
Ma +(S + Y -nja Y <n<C 
Non MAap+(S+Y¥-n)a, C<n<Y+S 
DUES MAB, +(S+Y - nj, Y +S<n<T 
(M+S+Y -npB;, ¡Teruel DL, jl ss 
(M * S «Y - np,, rT «n « M-S«Y -m f: 
and 
nu O<n<C 
Cu+(n-C), C<n<Y+S 
Ch, + (n - C)ug, Y +S+1<n<T 
E j d ne k 
nln) Cup + Su (n -C+ jy; j¡T<n<(¡+DT,j=12,..,r =1 
it (19) 
Cup + Yu *(n-C rb. rT<nsM+S+Y-m 
i=l 
Using (18) and (19) we can write the governing steady state equations as : 
...(20) 
- (M3. Sa)P, + pP, =0 
...(21) 
IM) 4 Sa +nu]P, + (Mà + Sa)P,., +(n+1)jP,.1 =0 OcnsY 
- ...(22) 
SET (S «Y - nj. nu]P, PEUT (n P, =0, 
r - ...(23 
-IMAB + (S +Y —C)a+Cp]Po + +[Mir+(S+Y +1- Cha]Po- nz lf =0, d 
"Jun, (S +Y -n)a Cu (n - CJP, + +[Map+(S+¥ +1- mole. Ge 
S E 
+ [Ch +(n+1-C)o]P,,., =0, qe 0m 0 
Y+S+1- Y+S+1 5 
na «Cu (Y + 5- C)o]Pres + B+ e) Risa "cl "an 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


TTT » 


92 


map, +(S+Y —njot Cni; * n - C C), JP, +[MAB, +(S+¥ +1- njale,. 


(cu, «(n1- C) |P, 70. Y+S<n<T Wo? 
-[M «S «Y -TAP, + Cup «(T -C)vo |Pr + [MaB +(S+Y +1-T)a]Pr- 
«Cu, TU Bop =0 ...(27) 


ja 
ates er jme, + 0u nl: C+j- CET P, p+(M+S+Y + 1- ¡TAB | 
t=] 


j SE 
Bai son +9 p; +(jT +1-C+ jb Pr. -0 j-12,..r1 ...(28) 


izl 


rsen ege Back, +[(M+S+Y «1-nyp8,]e, , 
t=] 


J === 
Jeu + Zb +n+1-0+ ib, Pa =O) jP<n<(+1)Tj=1,2....,r-1 (29) 


DOE «Zulma P 
i=l 
+((M+S+¥+1-r7)g,, Pm de, kA («1-6 ch Ps =0 (30) 
2, ; Si 


-|((M+S+Y =np J Car | 
| nj A Cer, RM Sei app lp, 


dën Sucht. Cer ke A 
¡al Cer, nx = 0, rT <n<M+S-Y_m (31) 


-| Cup +n, Mas Y-m-C P, m IP = 
| i=l | 13 3 +rp, M+S+Y-m + +|( +1) bp. M+S+Y-m-1 7... (82) 
The steady state solution 

of abo i i u 
obtained as follows : ve equations by using the product ES solution '8 
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(MX*Sa) 1 P 
26) TU m O<n<Y 
; [M> + (S + Y «1- ij 
il las Sa] 
Y! Po, Y«nsC 
27) | [oe : 
k=Y +1 
n C 
| Toe «(S «Y +1 do] [TI «(S ev e1- io] 
1404 - izY +1 z S&P, Ee 
TT (Cu + (& - Cy) | Dr 
k=C+1 k=Y +1 
28) n e ; Y+S , 
[[ [Maipo «(S «Y «1-ie] T1IM28 +(S+Y «1- iy] 
c —Ó————ÀÀÀ Be Po» Y+S<ns<T 
IEn, +(k-C)vo | [[(Cu+(e-cy) 
P = =Y+S+l iG C41 
n^ n T 
d ue "(ries Fo, FIT IT, +(S+Y +1-:)a] 
ra IA Y+S+1 
n J ET T 
23) I] DH 4- eap, TT (Cu; + (&-C)) 
k=jT +1 i=l h=Y+S+1 
1——— ÉrE jT«ns(j«1)1sj«r 
j-1 (1+1)T 
[Cu ES. +h- esi) 
l=] k-/T-l 1-1 
n r-1 3 
r «sev din y Jer A 
30) t=T +1 t=] 
n T Lë Cr) 
I] Cuy Satker | Ii [Cuy nee 8e | 
k=rT +1 i=l k=jT+1 izl 
x 1 Sg Po: rT<nsM+S+Y-m 
r-l (1+1)T L cab 
fu I] CX y 
| l=1 k=IT+1 i-l 
aU) ...(33) 
Where 
32) i 
| Lv. (S +Y 1-3] 
j AAA E 
cl o (MAE So)! GE y s 


Due 110) 
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Time us (laga +( +(S+¥ «1-i«] 


g, = Eë) S, 
SS NN of Mle + (k- C) | | 
0 
lonte CH h=Y+S+1 ^ 


k=C4+1 


M+S+Y-m 
. D . , DE P = 1. Then we 
Now we determine Py using the normalization condition 2, r , We get 


n Tli (s «Y «1- p. 
a SRM 1 (MAS) Y S 


Lo wu n Ue T. nos 


ET m Tio (S «Y «1-2«] 


+ S; i=Y+1 t=C+1 
(C n 
| Dr n=C+1 I (Cu + (k - Cy) 
k=Y +1 k=C+1 
a Hagen s LAP (Se tik 


H  [feue(k-Ccy) "Ysa Tcu, Af - cy] 


Hes kzY «S41 


np, +(S+¥ +1- Gi? r) 


+S, t=¥+S+1 


izl 1 
T ii 
C k-C J-1 (jr 1 
Alors o] fi [LIE] efc «eni 
l=1 k=1T+1 izl 


Tel Lef T]oresev +10) PT (o. hr r-1 E 
> - H zé T1068) | 
rT 


mU EE CEST 
Miete] Hi lower 


k= jT+1 


x 
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O 


1 M+S+Y-m Nu +S+Y+1-¿lag, y" 
y i=T+1 


x 


«| n=rT+1 B Ce eve +(k- Ce C+rp, | (34) 


l=1 k-IT +1 k=rT+1 isl 


r-1 (1+1)T L Pr 
f I] o, +>; +(k-Ga1) 
1-1 } 


4. Some Performance Measures. After obtaining queue size distribution 


set in previous section, now we obtain some system characteristics as follows : 
# The expected number of failed units in the system 
M+S+Y-m 
EISE Zb : (35) 
n=] 
5 Expected number of operating units in the system 
M+Y+S-m 
E(0)=M- > (n-Y+S)P, . (36) 
n=Y+S+1 
h Expected number of unused cold spare units in the system 
5 
E(UCS)= > (Y -n)P, . (37) 
n=0 
* : — Expected number of unused warm spare units in the system 
Pome ES (Y SEP ...(38) 
n=Y+l 
S Expected number of idle permanent repairmen 
C-1 39 
E(1)= 9 (C-n)P, . (39) 
n=0 
E s Expected number of busy permanent repairmen 
...(40) 
| E(B)-C-E(I). 
s Probability of j? (1« j «r-1) additional repairman being busy 
r-1 UT 
5 .. (41) 
E(A,)= Y DEP, 
jal n=jT+1 
` Expected number of busy additional removable repairmen 
(y+1)T M+S+Y-m (42) 


| E(BAS)- Y.j SP er 2B. 
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5. Special Cases 
Case I : Model with Cold Spares, 
Repairmen. If S= 0 then our model re 
reneging and having additional repairmen. 


Balking Reneging and Additional 
duces to model with cold spares, balking | 


(a) For the case C<Y', 
we determine steady state probability cla as 


(Mp) ail, O<n<C 
MA n-C 
| (MA) A.P), C<n<Y 
Teu (P- C)v] 
k=C+1 d 
(MX, 
A B.P, Y«nzT 
Teu; +(k -C)vo] 
k=Y +1 
n 1 
M+Y +1- ii ^B.) "ba pon 
n SIT 
eit NE EE 1 
n CP 
eu jal Hai 0 
DI Hr E +(k— Cx jb; |n n Il Cur xe + (k- cah) 
=1k=!T+1 i=l 
jT «ns(j41TAsj«r 
Torys Tio py Joa 
=T+1 t=] 
n . I 
r-1 
I] Sëch +lk- Crh, | i tar 1 Ph 
k=rT+ I : C i "s 
T4 1 [ITI Hr + En ed) 
rT «nz M * Y -m 
where 
A 
== Mp 
dm re y (Map 
! Y A, 
C ^ 
! Li Eos e 
(Maps 
Hp t k- C)o CET ER 
k=Y+1 9 D TEN +c, (43) 


Case-II : Model with 

à Balking, Rene | 
, gin | 

our model reduces ¢osmachiminpCoetion, Ge id Spares. By setting rz 


—————— À Mee ares, balking and reneginf: 


di 


DP, 


Now for case C2 Y, we get steady state probability distribution as 


Mi + Say 
| =) lp 


u PT 0» 0«nzY 
ue Sa) dL nt : i 
y! "ENS P = on Y<n<C 4 
(ie) + | 
z k=Y+1 
llle (Sel aya [iMag (S «Y 3 
i=Y+ k=C+1 


——S,P,,C<n<Y+S 


| (Dale | [](Cu+ (Ch) 


k=Y +1 h=C+1 

Y«S f M 
RUE ees DN long, +(S+¥ «1-«] 
i=C+1 isY «S41 

PS = S,-Py,Y+S<nsT 

| [[(cu+(-c»)] Les, + (%-C)up] 
k=C+1 k=Y+S+1 
...(44) 


Case III. If B=v=0 then our model reduces to Moses (2005) model for machine 


repair problem with mixed spares and additional repairman. 
Case IV. For Y=0, S=0, B=0 v=0, we get results for classical machine repair 


problem discussed by Kleinrock ( 1985). 


which can be minimized to determine the optimal number of repairmen and spares. 


6. Cost Function Our main aim in this section is to provide a cost function, 


The average total cost is given by 


Y+S z 
E(C) - Cu 5 MP, +C,E(1)+ CscE(UCS)+ Cs, E(UYS)* C5E(B)* 2 CA. Ela, Jus 
jal 


n=0 


where 

Uu — Cost per unit time of an operating unit when system works is normal 
mode. i 

Ci — Cost per unit time per idle permanent repairmen. 

Csc = Cost per unit time for providing a cold spare unit 

Ca, = Cost for unit time for providing a warm spare unit 

Cp = Cost per unit time per permanent repairman when he is busy in providing 
repair. 

Ca ith(;=1,2,...,.r) additional repairman. 


= Cost it time of Ze 
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7. Discussion. In this study, we have developed machine repair model with ; 
balking reneging, spares and additional repairmen. Mee pg Ine Sy ai | 
considered consists of warm and cold standby spares along yi a repair facility 
having both permanent and additional repairmen. The provision of spares and 
additional repairmen may help the system organizer in providing regular magnitude 
of production up to a desired grade of demand in particular when number of failed 
units is large. The expressions for several system characteristics and cost function 
are derived explicitly which can be further employed to find out the optimal 
combination of spares and repairmen and might be helpful for system designer to 
determine appropriate system descriptors at optimum cost subject to availability 
constriant. 
REFERENCES 
[1] M.O. Abou El Ata, State dependent queue : M/M/1/N with reneging and general balk functions, 
Microelectror Reliab., 31.No. 5, 1001-1007. 
(2) MO Abou Ei Ata and A.M.A. Hariri, M/M/C/N queue with balking and reneging, Comp. Oper. 
Res.,19 No. 8 (1992), 713-716. 
[3] ` KO Al-Seedy, Queueing with fixed and variable channels considering balking and renegaing e 
concepts, Appl. Math. Comp., 156, No.3-15, (2004), 755-761. r 
[4] D. Gross, Khan, M.D. and J.D. Marsh, Queueing model for spares provisioning, Nav. Res. Log. f 
Quart., 24 (1977), 521-536. 
[5] S.M. Gupta, Machine interference problem with warm spares, server vacations and exhaustive 
serivice, Perf. Eval., 23 No. 3, 195-211. 
[6] M. Jain, M/M/R machine repair problem with Spares and additional repairmen, Indian J. Pure f 
Appl. Math., 29 No. (5), (1998), 517-524. f 
[7] se a um E i machine repair problem with reneging and spares, J. Engg. Appl. S 
Jal co MAS c 
18) xa SR aoe eas queue with balking, reneging and additional servers, Int. J. Eng, 15, f 
9] — M. Jain, G.C. Sharma i 
how rA Sa Er Pundir, Loss and delay multi server queueing model with ) S 
UO ma Ad das id oe ee Raj. Acad. Phy. Sci., 4, No.2 (2005), 115-120. | c 
d ii dee m ae ae a SE machine interference model with balking, reneging, | 9 
ure, Opsearch, 40 (2008), 24-41. 
[11] M.dain,M. Singh and K.PS. B oo ae | 
spares and additional NES M Tl machine repair problem with balking, reneging, 
rd. » 25:26, (2000), 49-60 
[12] J.C. Ke, K.H. Wang, Cost analysi E d 
and server breakdown, Oper. s E Einer 
(13) AI. Shawky, The singl rond eM 
, gle server machine interfe : Iki ; de 
server for longer queues, Microelectron. R à P E n SE Ser? í 
[16] AI Shawky The d ae oe » 97 (1997), 355-357. | 
, x m D F 
Op'earch, 37 No.1 (2000), 25-35 odel M/MICIKIN with balking, reneging and spares: Ben 
C 
1 
MES: 
E 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


P 


New”... 


Jnanabha, Vol. 37, 2007 
(Dedicated to Honour Professor S.P Singh on his 70" Birthday) 
A NOTE ON MHD RAYLEIGH FLOW OF A FLUID OF EQUAL 
KINEMATIC VISCOSITY AND MAGNETIC VISCOSITY PAST A 
PERFECTLY CONDUCTING POROUS PLATE 
By 
P.K. Mittal, Mukesh Bijalwan 
Department of Mathematics Government Postgraduate College, 
Rishikesh, (Dehradun)-249201, Uttaranchal, India 
and 
Vijay Dhasmana 
Department of Mathematics, K.G.K. College, Moradabad, Uttar Pradesh, India 


(Received : August 4, 2007) 


ABSTRACT 

The paper deals with the flow of a viscous incompressible fluid of small 
electrically conductivity past an infinite porous plate started impulsively from 
rest in presence of a constant transverse magnetic field in fixed relation to the 
fluid with the imposition of small uniform suction or injection velocity at the 
plate. Suction or injection velocity at the plate has been calculated using the Laplace 
transform method. The MHD unidirectional flow of a viscous incompressible 
fluid of small electrical conductivity near an infinite flat plate started impulsively 
from the rest, which was first studied by Lord Rayleigh [8], has been shown to be 
self-superposable and an irrotational flow on which it is superposable is 
determined. Some observations have been made about the vorticity and stream 


functions of the flow by using the properties of superposability and self- 


superposability. Vorticity profiles have been plotted and studied for different 


conditions and for suction and injection. 
2000 Mathematics Subject Classification : Primary 76A10; Secondary 76B47. 
Keywords : MHD Rayleigh flow, KinematicViscosity, Magnetic Viscocity 

1. Introduction. The folw about an infinite flat plate which executes linear 
harmonic oscillation parallel to itself was studied by Stokes [11] and Rayleigh [8]. 
inffinite flat plate in a viscous incompressible magnetic 
al magnetic field was studied by. Rossow [9]. Nath 
m in slip flow with transverse magnetic field. In 
ed the exact solution for the MHD flow of a fluid 


of equal kinematic viscosity.and magnetic viscocity past a perfectly conducting 
Porous plate by using the Laplace transform technique. Vorticity and self 


Superposability oF Ae Mb VE MAD Railelighciilo taa gah pinang studied. 


The impulsive motion of an 
fluid in the presence of an extern 
[14] studied the Rayleigh proble 
the present paper we have obtain 


D 
É 
: 
| 


100 

lation of the problem. Let us consider the unsteady motion of 
s pressible, viscous, perfectly conducting fluid past 
long the plate parallel to the flow direction, y-axis ' 


endicular to both the x-axis and y-axis, 


a semi-infinite mass of incom 
an infinite plate. Let x-axis bea 


perpendicular to the plate and z-axis perp 


The imposed magnetic field Ho is applied in the direction of y-axis. Let V, represents wl 


i i he continuit ke 

the suction velocity at the plate, then by eguation of t y 3 
EN 

Gy ù 


Also the condition, that at y=0, v=v, leads to every where. Due to motion a magnetic 
field H, is introduced in the flow direction and from the symmetry of the problem 
all physical variables will be functions of y and time t only. Let the plate be started or 
impulsively from rest with a constant velocity.U, and subject to the conditions : 

at t=0, u=H,=0,y>0 - 
at y=0, u=U, H,-0,t20 


as y>0,u=0, H,-0. (ZA) 
The differential equations governing the fluid motion are given by [13] Br 
pple so 3 =v y ...(2.2) m 
Ea yy a ALO 
a tu, By = Min U ay? ...(2.3) e 
where 
u =u+NH (2.4) 
e u, =u-NH, ZONE W 
u is the x-component of fluid velocity. | 
à = Magnetic viscosit i SCH 
y of the fluid, a = [uH] p 


n= Coefficient of the viscosity of the fluid, N= Ju/p 


H= Permeability of the medium. 
Applying Laplace Transform to equations (2.2) and (2.3) we get 
: j get, 
2— 
d =! ¿(6 0,) diz, = pu, | 7 
dy U dy U 20 ` 


and 
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d?u, lo — v, ) du, p pu» 


ay Ei NES (2.7) 


where u;,u, are the Laplace transform of u, and uz respectively and p is the 
kernel of the Laplace transform. The solution of equation (2.6) and (2.7) are given 


by 


| 2v v | ER AS v| 
or 
m = exp{ P kk 5 I J +42 e E E 
and 


+ Des Eb E 4 D 


2 U U 


z (a - v,)y y I((+.)) , 4P 
i se RH SE E Ze 


Applying Laplace Transform to initial conditions we get, 


CENE IFTE TU 
at y =0,t>0 DU e 


and as y>0u=0, H,-0. 
We have 


A=C=0 and B=D=U. 
Equation (2.2) and (2.3) then become 


2 
es ecl g (e m (2.10) 
p 2v 2 U Y 
- U (a +u ) (a-v ) d P 
Ha = —exp (a +0s)Y Y ES +4— ARA (2.11) 
p 2v 2 U a 


Taking invefse Juaplalson rasca gauetions, (2,10) and (2.11) and 


i 
y 
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then substituting the values of 4, and uy in (2.4) and (2.5) finally we get | 
= 4 tf | 
U yt(a-v Je), el Y (a+u,) | í | 
ue  erfe oou 2.19 | 


and 


Tea 
V For (26) «ces 21 
EI «(2.18 
H. => ug 24 ut nu JI ) 
flow equation indicates the absence of exponential factor which means that there 
is no Hartmann layer in the ultimate state. 
3. Flow Superpsoabile on Rayleigh Flow. Let us suppose that a flow 
T = (vvv) AEL) 
is superposable on the flow (2.12). Here Uy, Uy, U, are independent of x and z i.e, 


these are either functions of y alone or constant. f 
Applying the conditions of superposability of two flows, laid down by Ballabh 


[2] i.e., the two flows with velocity v, and v; are mutually superposable to each 


other if 

curl[D, x curly + Dy x curlv, | =0 ...(8.2) 
we get, 

v A : 

? Tenan). (3.9) 

where A is constant. 

If y = 0, v 201i. : 9 qe V d 
SC Q s70Le., when there is no suction or jnjection and magnetic field, 


Uy = -Anut exply?/4vt) 


(3: | 
If we consider the motion in z- 
ae In 2-x plane only and v= constant, then from (3.1) ve 


u= (OA noz exp(y? aur] 
From (3.5), we readily have 
Curly =0. 


condition a - 0,v, =0, "Perposable on the flow (2.12) under the | 
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| onal flow is superposable 0? CH 
n ——— 0 j 


| 


103 


rotational one if and only if the vorticity of the latter is constant along the stream 
lines of the former. 

The equation of the stream lines of the motion (1.12) can be deduced as 

x= constant and z-Derf(y) . (3.6) 
Hence the vorticity of the Rayleigh flow is constant along the curve (3.6). 

4. Self Superposability of the Flow. from equation (2.12) we have 

curl[u xcurlu]=0. ei Ant) 

This is in accordance with the condition of self-superposability laid down 
by Ballabh [3]. Hence the flow of viscous incompressible fluid of equal kinematics 
viscosity and magnetic viscosity past a perfectly conducting porous flat plate, 
started impulsiively from rest in the presence of transverse magnetic field is self- 


superposable. 

It was found by Ballabh [3] that, if the axis PURA in the axially 
symmetrical flow be x axis and the axis perpendigvlar Ee atis, e condition 
for self-superposability of the flow will be e 

C= Brit), 2, 182304 £ (4.2) 


where © is the vorticity of flow, f( is any Ge OI The sit function y. 


Condition (4.2) i our case reduce to 
, S=yfl¥). 


Since the axis perpendi 
Now if a =0 and v,—0, equation (4.3) yields for the flow as 


...(4.3) 


cular to the flow in this case has been taken as the y-axis. 


2 
U y | 
4) 50 E (4.4) 
fi) =e | se 
w evident that for the flow (2.12) under the condition a =0 and 
tion (4.4) is a function of y at any instant. It means 
eam function of the flow can be denoted as 
(4.5) 


It is no 
v,=0, the right hand side of equa 
that at any particular time the str 

Y - wi). 


Thus the stream function yo | 
direction perpendicular to the axis of flow an 


f the flow is a function of y and is in the direction of 
2 axis i.e., in th d the direction of the 
axis 1.e., 1n tne 

magnetic field both. 
5. Vorticity O 
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c= U 
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Let the motion is such that 
U,=U and a =2v,=2v 


then, 


ers el nf kel Cte] (5.2) 


6. For Injection or Suction. 
Case I. When t=1/u we have 


LU, +1% (y +3)? 
D ZA Fäll D ...(6.1) 


Case II . When /22/v, we have 


o 2 2 
ee a am gl vat 2) _(y+6) 
U^ le Toe -ex pum Ji ...(6.2) 


Case III . When ¿=3/v , we have 


ees uf (ps? (y +9? 
U sil Tales 12 s ...(6.3) 
Case IV . When t= 4/v , we have 

ee wt (ya) (y +12)” 

iT of is OS omo E) 


7. Results and Discussion. To observe the quantitative effects on vorticity 
field numerical results have been calculated and plotted for above four cases. It i$ 
clear from the graph that the vorticity is maximum at the plate and it decreases as 
we move away from plate. At small times the vorticity near the plate falls abruptly 
| and then it decreases and become steadier as we move far from the plate. As time 
increases the fall in vorticity becomes less sharp in comparison to that t=1/v. 
Thus as time increases the vorticity tends to become zero throughout. Thus after 
large tir:e we may expect an almost irrotational flow. 
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; ABSTRACT 
The perpose of the present paper is to introduce some new multiple 
^ hypergeometric functions related to Lauricella's functions and intermediate 
Lauricella's functions which will include as special cases some of functions of 
three variables due to Lauricella [9] and Saran [10]; and four variables due to 
Exton ([5],[7]) with multiple hypergeometric functions of several variables due to 
y Lauricella [9], Exton [6], Chandel [1], Chandel-Gupta [2], Karlsson [8], confluent 
) forms due to Chandel-Vishwakarma [3] and Vishwakarma [12]. We also introduce 
their confluent forms. Finally we discuss their special cases and convergent 
conditons. 
2000 Mathematics Subject Classification : Pramary 33C65; Secondary 33070 
Keywords : Multiple Hypergeometric Functions, Lauricellas Multiple 
Hypergeometric Functions, Confluent Forms. 

1. Introduction. Lauricella [9] introduced four multiple hypergeometric 


function's E, FM, F( and EM) which bear his name. The well known confluent 
) hypergeometric series of Lauricella's fufictions are Al and y%. Exton [7] 


introduced two more quite applicable confluent forms z! and az) of Lauricella's 
functions. Exton ([6],[7]) considered the two multiple hypergeometric functions 


MEL, E E EU related to Lauricella's F} (n). Prompted by this work Chandel [1] also 


introduced and studied the function Nag related to Lauricellas Fi". Further, 


Chandel and Gupta [2] introduced multiple hypergeometric functions related to 
Lauricella's functions (later on called Intermediate Lauricella's Functions): 


(k ) ( (n) 
SZ: (pt), Wp) and their confluent forms Be uus (et As Zei, 


Prompted by the above work, Karlsson [8] similarly introduced one more 
intermediate ibcwseteeliett | tinction on R5 pih e ether Cian E Viíshwakarma (131,14) 
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(n) (n) (n) : 
introduced confluent forms (466p, ida Wen, “yeep . Vishwakarma [19] 


introduced some more confluent forms of above multiple hypergeometric functions: 
dt), aet). Zei) 

Motivated by above work hare in the present paper, we introduce new multiple 
hypergeometric functions related to Lauricella's functions and Intermeditae 
Lauricella's functions, which include as special cases some functions of three 
variables of Lauricella [9] and Saran [10] and four variables due to Exton ([5],[7]) 
with mulziple hypergeometric functions of several variables due to Lauricella [9], 
Exton [6], Chandel [1], Chandel-Gupta [2], Karlsson [8], confluent forms due to 
Chandel- Vishwakarma [3] and Vishwakamra [12]. We also introduce their confluent 
forms. Finally, we discuss their special cases and convergent conditions. 

2. New Functions Related to Lauricella's Functions. In this 


section, we introduce following three new multiple hypergeometric functions related 
to Lauricella's functions. 


(PAN lee i.a) 


M iig lem, zz m, Xe m4 + No TN t..4m,)m,! m, 


l<k<k'<n;k,k',néeN 
It is clear that 


(2.1(a)) o. Ee) 

SEM bh. TO Sena Kn) (Exton's i) for k’=n) 
(2.1(b)) "glo beginn, 

=p ED (a,b... A le (Exton's Mes ) for k’=k) 
(2.1(c)) AN PN NN sese es. 

= Blo bh. ben, (Lauricella's FU), for k’=k=n) 


(2.2) “ED (a.a a" ,b,,...,5,;c5x,,..,x,) 


e 


(a, m, 


my m, 20 (cm, +...+m,) 


m m 
3 : Xn. 1 É re 
M ori EE Sagtiwak Ad E Initiative 


+..+m,la',m,,, +...+m Je nsn Suc Deu So 


— e 
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2] | 2( )) (^ Anm EV ton b 
(2. a (2) a,a,a, SOT) Dees X ) 
IS: E Meta, a”, b be x i D ( 
—(2) > Lor Pepe a (Exton S Ep, for k'-n). 
le (2.20) “Ep (a,a',a" jb... b, icio) 
ae Upon) as 
E -(jEp Leah, henn, (Exton's WEW for &'2£) 
| n,n (n " 
1 (2.2(c) DEE; "“Ya,a',a Ke ORA an! 
to = Biller AS gl (Lauricella's Fl”, for k’=h= 
nt 
(23) WHEP(o a a", bci ciim 622) 
is 
E d y (a,m; *... m, Ya! my, +...+mya",m;. ptem, bum, +...+m,,) 
m,,..m,-0 (e; m;).. Le, m, ) 
m, m, 
Amm 1sk<kisnm Eet 
m! m; 
(2.3(a)) POM (aya e e) 
N kj 
= va layan Die Cu eve eee (Chandel's ee for k’=n) 
(2.3.(b)) (a al bic. aac eae mace) 
SVEN oF ERE ca. ORO) (Chandel's HEM, for k'=k) 
(2.3(c)) PUER "le oi a" ,b;c, ,...,0,;2 52.) 
= EU (a,b;c,,...,0, 2, x, ) (Lauricella's E), for &2&'-n) 
3. New Intermediate Lauricella's Functions. In this section, 
We introduce following new intermediate Lauricella's functions : 
(k,k" 1 
(3.1) Fio (a, bb Pinion RO On as LEON 
) My y... m, 0 (e, mi) (6,,m;.) 
n 
xm m, 
A Sa 1<k<kism k,k',neN. 
mom, 
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It is clear that 


Mr. AZ, i) VES ES, 


(1 Dp Fe), op - phi 
Si 
(opio bob, Rea Bonus) j 
= Si (a,m; Tem, (ER? )..(b, m,,) Gras ud 
my «ym, =0 (c,m, +...+ m, Ke! Miss + + my Xy Mys) (c, , m )m,! "m, 
l<k<ki<n, kk nen. 
which for special value of k and k”, gives (4 
(i Spin) Mau) (0,4) el = Biz ein) (n, alain n )- po (dpt = ia), (0, opla) = Fr ) 
(NEED o E e a» o A AE) 
i (a,m; +... +m, Ya ,m,,, +-+ m, Yay, mj). (a, m, Xb, m, )... (b, m,) id 
: ze] (c,m, +...+m,,) | 


m! ml: 
which suggests 


(ek) pn (n) (k) n (n 0, n k n 1n n n n n n n 
Fiag, "Ong Ona, erp, el ep, Oon sap | C 
(3.4) HEF (a,b,b',b 


^ D 
1» ON Cabe Cni Xis Xn ) 


Y 


= Y (a,m, + + m, Xom, +t meo my +... + m Yb, m,) (b, my) 


My m, =0 (cm, To EM Wei mu +... +My), LI DR a) (c, T ) 
xp x | Si 
m! m, (4. 
so that 
k,k) mi n j n H , i 
Mrr, Cem ae — PA, Wrap, CIR) = gp 
4. Confluent Forms. In this section, we introduce following 
confluent forms of above multiple hypergeometric functions (4 
(2,8) yan) TI $ 
(4.1) lim Ep (a,b ho) BEE Ie EE X. pen) 


a 
d emim onm) by my) a e 
Mp ale, Mp. + Mp Xe" Nyy +.. km lm ! Se ! 
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(Ak) a n) 2A mn. 
E (05, (a, 5:9 scu EN 
| 
Similarly, 
2) ^ie (a,b 15545, eres oe E ) 
E » (a,m, +... + m, Xb, m, ).. (b, ,m, ) xm x" 
m, m, 50 (c, m, Teck m, e", myy +.. +m, ) m! A : 
Sr (n) itt 
(4.3) | iz "(a,b ro Meta SOE cee) 
. (a, m, +...+mM,Xb,,m,)..lb,,m,) ein x 
ien, x (CM; EE O) m! m, 
) + (kh) ) ' " ; Xi Xp 
L (4.4) lim GER A,B" Dy ,...,0,50;— TRA 
ao a a 
K D m, 
= 5 (a, TM psy +. eI. Ya" my +. £m, Xb, m; ). (b, do. Jes Xn 
Haat al (c,m, Pye) m, m, 
im Us) al i ae Xp Xy 
) (4.5) lim MEN GGG s Du DEG 2 eror enm 
xr m, 
- UCET 
) m, an, 20 (c,m, +... +M,) d Mz 
(hk) ( o 
wo > a, a" b. obn ROG croc) 
| Similarly 
(kk) 4 (n) 
(4.6) (2) p, (a,a' SEH » 552,885 Xie X, » 
m, m, 
) $ (a, m, tom, Xa! maa +.. + mp b, m, )- 4b, m mm CA X. 
= NG, ie k AA Lue Ce z 
m, ml 
g m,,...,m, =0 (c,m, ts m,) 1 a 


a+ 


Eer ZE 
(4.7) lim S DEG! (s a',a",b;C;,...,€ Een 
a a 
m m, 
z » (a, m, * my Xa" ms + om, Yo,m, +...+m BER ¿Ea 
= 1 1 
(c, m4 Lem, m: m, 


my,...,m,=0 
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B er, a", b; Gai Koo): 


Usk) pt "b RES Xia Xp x b | 
i p ` 0 105€] 5+ ARGOS Pe RA A A: 
(4.8) lim mE [aa , 31 Cno [ork E 1...) d 
1 PEL m, 
Y (a, m, * ... m, la" mia tm, Yb,m, 4... & m, ES Xs 
E : 1 i 
m, im, =0 (c, m, )..(e, m, ) m: m, 
In) ) " A e 
= E t (aa Eee.) 
Gi. Se 
: kk " 3 bl n 
(4.9) lim“; MEM ls E OR erna nn egg o Ear en Ea gu zx 
A ' m, m, 
Y $ (a, m, * e m, Xa! m, oe My oum, 4... + m,y) xi BE: 
x | 
My «um, 20 (c; og Je n WO ) ma 2 m, : 


cM c (a, el ene Ce sn) 


Zi X, 


popa yep Ka ore Ken | 


(4. 10) lim ^^ SE b, b' Jon na 3) kan Crs 


z (ml 
My im, 20 (e; my ).. Je, ) my: s 
Uk) a (n) | 
ra D'A (a,b, ba 32:38 c Cp X15: y cl, 
(kk) m (n) 1 Xa Xp 
(4.11) lim Fic OO On SG ns Xiro k> m en nan 
e (nm Xo n, (b bm,)xpt En” 
- y ¿My oem, XD, My +. + ma (by mia )- (o, m, em. 
SE 
m, «m, z0 (c, m, )..(e, m, ) my} Mp: 


kk 
d Gëlle a,b, brio EE Meta erni: 


(ek) p(n) ] Xp X, 
(4.12) b uM d C a, b, b Jen nmm DESC 105%) ;-- Xp y 
SE b, b, 

g ms 

M x (a, m, +... +m, bm, +...+ mM, MI m, e My) AE xe 

= LL ——— e ! 

m, m, 20 Le, m o (e, Ma m! My: 
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= a (a ,0, 0 ,.. ,b 


nC] y... CAE) 
Similarly 


kn) y(n) iy T 
(4.13) E bae (a,b Ci AS) 


» (a, m, +...+m, YO, Mag +.. FA 


is (c, m, ).. (c, m, ) m! m ! 


1 Un) ln) e i X x 
(4.14) b lim ` ok TEEN CA n 
2d b, b, 
L m 
S (a, m, +...+m,) xo em 


my m, -0 (e, m, toc m, Xe maa temon (c nm jm! m ! 


Un) a (n 
T (094) (a; €, C. Cpu CERE. but 


E EECH 


n? 


(4.15) lim ^) p) WH) (xb. or PO EN MN 


c20 


my yy, 50 (c' my Foot My Me IM pry Sc ES n, ) m,! ` m,! 


JEE) St 
Ji 2194) (a, bios C, CDS Noo). 


^ t 1 
E E EE ao) 


(4.16) lim) F (a,b, 


, 
c>0 n 


m; m, 


$ (a, m, 4... m, Xb,,m,)..lb, ,m,,) x; Xs 
tens tm (Garren REA ) m! ma! 


ll 


(hk 
m (3) 042 (a, b, EE Cis y Cni Lyon Ji 


x x 
d Aye SC n 
(4.17) | lim (ek gon) A E E 
b... 1b, >0 bi b, 
E i X Jla omi) eee ee 
E (a, m, +...+m,Xa',My,1 ++ my Xa mea) A2. 1 7 
= IER T COROAS STE SUE NUNT nel LM 
1 1 
TERED (e,m, +...+m,) m, m,! 


mU 
= $000) (a, a’ DI^ OE 2,0556 X155 Xn ) S 


(4.18) lim ep) E A Gupikut Kangg,Cofgction, E sar itus, 


LR 
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m 
Z (oma +. tM apo Me )-(a.,,,m, Yo, m, J- bn m,a) x! l x". 
P (c, m, — mallem ; 
mysem, 20 n* 
Ak E 
=! di GAS Qul» HE 5456 Xin ) 
+ (kk) (a) ' b, ub i x Xp Xp ^ 
(4.19) lim C F3p A,A Apy Hasan n> Xie) "n grey a' ro A (4. 
m 
a Y (a, m, tet My onem ACE m, Yo, Im Jib; ¿Mi ) Xi ; ee 
= KS = 
m, am, 20 (c, m, +...+M,) mj: m,! 
REI ta) : 
E. (3)? p (a, Qype a ei Sor pal). 
X x 
3 LEI (n ar 2 kl nii 
(4.90) lim Tore AA X» X palio Xii er (49 
Ap aed DT sys a, 
5 1 nu n, 
ES (am, m, am, +...+ meXbm,).. (b, m,)xr sx | 
"d 
my... m,20 (c,m, +...+m,) A m 
ten) m 
K (95 playa fi, Jo: nh 
6 
irn Us!) pln) i E ame s s (4.2 
(4.21) lim Feni a,b,b Opi Caisse I aa 


m, =0 (cm, tom, Xe mua H.E My N re m,) m! Ge 


m, yum, n? 


ath) H ) 
SIb, EE ee ees IN 


ir) | 
(4.22) li» fs, St ear ts ene TE e ra ES 


(4.2 


NES om term, Ko mas +. + m, Xd, mod (Oj mi) SE E 


m, la =0 (c,m, ++ m, eon ey: my Keys my )- (c m, ) mi! Ma" } 


n? 


m. ' 
( [d in (a, b',b, ssp CC", Cp 7000052] Xp ) 


2 Ur) (n) 
(4.23) lim "Fo | a,b,b',b,.....by50,0,Cp,1,.0, Kus Xn 
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pg (a, m4 +... +m, Xb,m,., +. + my fb, my)... (b, m, ) Xi quas 
E (c, m, +. Ima NG man tos, Xe, i mieu dle, m) m, m,! 


(kk) (n) o ' 
= 6) 0D (05 5, a OE C SET ell, 


ana 


Lk) ml) ama En bnr, | 
(4.24) ; NN Fep a,b,b NEE 
1 k 


E^ g (a, m, +...+m, bm, eoe myb, Mps Penin) a 
My yee, 50 (c,m, ho + m, Xe mia tot m, Mes im idle. MN, ) m! 5 m,! 


(ek) 4 (n) Da ra 
(jeep ler, e Eeler 


he ' D 
(ha) pin) a ERR EE 


n? b, , "b, 3 D SET D 


(425), , lim 


bd bp sandy Dr 


_< (a, m, +...+m,) xi 


ARI) a (n) fa. ' 3 
Senden ee CR EPOR 


s kk ' 1 
(4.26) lim! RU (a, b, b by, Ops Ch Cry Ci E CA CE, 


EDS (comi Um Oon 
a 


zur) 1 . 
~ (6) 0) RAN BE KONG el, 


im : t d 
(4.27) lim e b, b' , Dy pooch ;6,C Cys gree ln Xi Xp 1 Et 9 XpiXpul rrn ) 


"row (aum, +...4m, Nb My tt my NG masa oem, Ab, mM)... brm) 


DW... am, 20 (c, mı +... +M en sl py ji n ,m,) 
H m, 
Eu irn 
m! ml 
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thE) (a; b, b Jon 50); CoC pred ln yey Xp ) : 6 


(4.28) lim (48) 7010), BB, Dy 0556€ Cie e Cina Es En) 
E quee, OO 


e lam, tat Mm, Koma ++ Me b My, + + m, Jo, m, ).-...(B,,m,) (5. 
E NES (c, m, 9.9 m, Wei My +--+ My) 
| 
SCH x" | (5. 
m,! » 
is AN EE AE i 
No doubt all functions studied above are included in generalized (5 
multiple hypergeometric function of several variables due to Srivastava 
and Daoust [11], but they have their own interest. | 
5. Special Cases. When n=4. | i6 
(kk) pln) | 4 
wp | 
| 
(3,4) (4 i | 
(5.1) as Ca Berbuerg EE] | (5. 
H 
= Ki (a,a,a,a,b,,bz,b3,b,;C,C,C,C;%,,%3,%3,%4) (Exton[7] p. 78, (3.3.11) 
(5.2) Ka an baba CO NM (e 


= Kp (a,a,,a, a,b, ,b, b, ,,;6,6, c ,C x, x5, x4, x, )(Exton [7] p. 78, (3.3.12) k 
(5.3). OEG (a, bh, 05,55, 54:c,c , c" ;x,, x5, el 
= Ky (n,a,a,a,5; b, b, ,b,;c, c c"; x, X9, x4, x, )Exton [7] p. 78, (3.3.13) E 
(4) pen) età 
men 


13,4) p (4) ' 
(5.4) (Ep (a,a eat, Be, Ba, BEEN X9, 23, X4 ) | (5. 


= K,,(a,a,a,a',b,,b,,b5,b4;¢,c,¢,¢;x, x), 13, x,) (Exton [7] p. 78, (3.3.15) | 


(5.5) UNED (asa! b; b, bs, b.c; x, 2,25, x,) | 
= Kala abs Aarb, Bai '56,0,0,0;x, x, x, x, ) (Exton [7] p. 78, (3.320 en 
(5.6) Ep (a,a',a" b; b, bs, by C5 1,0, 2,24) | 
= Knía, aa abb, bs ,b,5¢,0,¢,¢52, ,x5,x5,x,) (Exton [7] p.78, (3.3.22) | 
(41 gota 
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(5.7) BER (a, a Bic Cy Can Eent 

= K,(b,5,5,b;a,a,a,0'5c,,65,05,0,;x,x,,x4,x, )(Exton [7] p.78, (3.3.2)). 
(5.8) UAE (a. a' Di 621635 CAS CERERI oa) 

= K,(b,b,5,5;a,a,2',a';c,,05, 65,4; x,,x,,x4,x,) (Exton (7] p.78, (3.3.5)). 
(5.9) ONES (a,a' ,a",556,,05, 63: C1 ER 

= Ky (b, 5, b,5;a,a,a' ,a";c,,05, 05,4; x, x5,x3,x,) (Exton [7] p.78, (3.3.10)) 
(he ple) 
(5.10) "UE (a,b, b,b"; cy Cy ,Cg5C43%1 2,3, x4) 

- K,(a,a,a,a;b,b,b,b';C1,C3,C3,C4; X1 Kan X3, Ka [Exton [7], p.78, (3.3.2)] 
(5110529) p (o beb LD TC, Co Can C45 X123 Xg X4) 

= K pla,a,a,a;b,b,b',b";c, Cy, C3 C452; X3,X3,X4)(Exton[7]p.78, (3.3.10)). 
(5.12) COPA la b,b, C , 65563,6451, 3534) | 

= K,(a,a,a,a;b,';c,,65,05,C,;x,,x2,x35,x4) (Exton [7] p.78, (3.3.5)). 
"en 
(5.13) COPA (a,b, ba, bg. 0,5525 Xp. %3,%a) 

E Kila, a,a,a;b, ,b, bg d4, € x, X2, x3,x,) (Exton [7] p.78, (3.3.11)). 
(5.14) CAPU (o bby 3,043,051 321354) 

= K ,, (a, a,a,a;b, ,b, b, ,0,;6, 6, , C x, X4, 3, x4) (Exton [7] p.78,(3.3.12)). 
(9.18) po p. pb. 046,00 531,32, Kan ZA) 

E Kala, a, a, Ab, by 55,04; 6,6,C Een %3, x, )(Exton [7] p-78,(3.8.13)). 
o 
(5.16) 84) LAN (Gg a! 50,05, 03,045 6525 233934) 

= K s(a,a,a,a';b,,b,,b7,b430,C,0,C%1,%9,%3,%4 )(Exton [7] p.78,(3.3.15)). 


( T 
5.17) COPA (a ab, By ba bien, X0, 23122) 
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= Ka, a, 55,54; bi, basa! 46,6, 6,6; 213,3, x4) (Exton [7] p-78,(3.3.20), ! 
(5.18) BIIP (a. a' er bh, o, 05,04: 653, Z2 X5, 4) 
= Korla,a,a' ar 3 6; b, 05,04:0,0, 6,6 X1, X2, X, ¿)(Exton [7] p.78,(3.3.21)) 
e) pa) | 
(5.19) Eels a b,b' 17802: 010 0452523535334) | | 
= K,,(a,a,a,a;b,,by,by,D45C,C,C',C45%1,%9,%3,%4) (Exton[7] p.78,(3.3.13)), 
(5.20) CARA q b! b 05; C, 63, C4; X12 X35X4) ( 
= K,,(a,a,a,a;b,,b,b',b';C,C,C3,C45%1,%2,%3,%4) (Exton [7] p.78,(3.3.12)). 
(5.21) 99 EU (a, pb. bag 7 X1» x5, x3, x4) ( 
= K,(a,a,a,azb,,b,,by,b;C,C,C,C'3%,,%z,%3,%4),(Exton (7) p.78,(3.3.11)). 
(5.22) "MW (a,b, b b. :c,c C9, C4: X1 X2 3,24) ( 
= Kyp(a,a,a,030',0',b,,D;07,04,0,0'3%p,%4,21,%2),(Exton [7] p.78,(3.3.10)). | — | 
(5.23) PUE (a,b, b ,by3C,-,Cq 04; x4, x5, x3, x4) 


= K,(a,a,a,0;b',b',b, b,:05,0,,0, 6x5, x4, 2, X2), (Exton (7],p.78(3.3.9). 


6. Special Cases. When n -3. 
“Es | 
| ( 
(6.1) & GER (a,b, ,b,,b,;¢,c’, 3X) ,Xp,X3) 
= Fo(a,a,a,b,,b,,b,;C,C',C'3%,,%), 1) pp Si Tana IN 
(6.2) DEB (a; bj, 55,05;6;,65,05;x, 2,23) | 
| 
gne (a,b,5,,55;0,,6,05;x,, 25,23) EES EAR | 
"en | 
( 
(6.3) "DEN (aa! ~,b;,by, b.c; x, xs, x) ( 
5 Fa(a,a',a',b,,b,ba;C,C,C; a1 27,24) Dntn-n»,r,-r. | 
(6.4) ED (a1,22,05,b, b, b5:c;x,, x, xa) ( 


= Fi! (a, agag Byrbgnscitolpcton E iare 
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(6.5) DEP (a, a5, a5, 515025635150, 25) 
= F8(5.a, 05,0350, On a) al le En eR 


(6.6) UNE (a, a5 ,—5;61,02,03;21,x2,3) 


= Fp (b,5,6,a,,a5,05;01,05,03;x1, x2, x3) I Un + fr) =1- 
(span) 


3)g3 mE NE. 
Kee IFE (a, b, b Sen Gencatan ta) 


= Fs (a;a,a,b,b' b';c,,65, 65:2; 25,23), Inle Wie +r 21. 
(6.8) (2) SN a,b, 55,09; 615 en 

= FN (a,b, ,5,,65;6;,c5,63;31,32,x3), ele [al |a] € 1- 

(Et) on) 
(6.9) “FS (a,b ba 55:01:05 6351 2523) 

= F (a,b, b, b,;c,, C3, 63:X1, X2, X3). pel e beo] o] <1. 
(6.10) LIPO (a. b b, 05, C 75 X1, X0, x5) 

- F¿(a,a,a,b, ,55,53;6, €, 31,3253 ) nenen al. 
rien 
(6.11) CDPB) (a ag, azb 0:05; 5X1: pp) 

= Ff? (a, ,a2,a3,b1,b2b. ;C;X,,Xg,%3)» bel: Llæa| «laa <1. 
(6.12) “IF (o. ap bbaba: X1 tata) 

E Fs (a,,a7,a7,b1,b3,b3;0 BC ;1,,12,%9) Ty +n =N, n = T3- 
“ng 
(6.13) IO (a,b, bebe, C203; Kino, 3) 


= FS (a,b, ,05,035€ :€25€633*1 cen H ES si EN + |x3| cl. 


(6.14) LORO (a,-,6',bsey,02,031215 22123) 
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= F,(a,a,a,b,b',b';C,,C,,C43%,,%3,%3), n4 (Vr, E Kn) -1. 

: ; ; ; LIIS 
pecu sy Mare Dauricella's series [14], while F,,F,,F, are 
hypergeometric series of three variables defined by Saran [16] already 
Conjectured by Lauricella [14] and np are associated radii of | 
convergence of the triple hypergeometric series. 

7. Convergence Conditions. | 
7.1 Convergence Conditions for '^ ot ET, 
Us") nn) 
For t) Ep ? 
a (a,,m, ++ m, Xb, m, )..(b, m, ) 1 1 T 
BE Gm Xem ye mp Xe mg e m,)m,! m, 
1l<k<k'<n. 
Therefore v 
jf (m, 52970) ) S Arg D, slum, erat, 
SH (eats | b; 
(am, +...+m,, +m, tlemaQ +..+m, +...+m,) ( 
(cm, +...+m,_, +m, + lem; +...+m,\...) 
(by m, Lë, Xo, m, * I5, m, ).. (b, m, ) C 
2 (...),!....m,_,!(m, 4D mu, L.m,! 1 1 
z x. D 
n mj! m,! 
(e,m, +...+m, Xe , DEN Tan Mi +...+m, ) C 
___(a+m, +..+m,)b,, +m,) | 
(ce m, +..+m,+...+ m, Xm, +1) 
Hence n 
; a+ eum, +...+m, Jb : | 
di (mey ,....m,) = lim ( ! nil Lah, or Më e) | C 
> (e+ € (m, +...4m, + +m, Jim, e +1) | E 
(m, +...+m, )m, 4 
(m, * m +... + m, m; * 
H 
1 m, +... tm, Y 


Therefore, ": = IRC EE (which is independent of i) 
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Hence r; =" == Tp > (1« i € k) 


: Similarly, 


NBO aa ke (Independent of i) 


Res San E, (k's i <n) 
dm, + my) (ma tty) + (My ++ mM) 


my, taet Ma 
= 1. (Required condition) 
where "Ef, are associted radi of convergence. 
di E a D - 
Similarly required Codition for Convergence of MERE is given 


by 


Bd beem l 


m i i 


n 


Convergence conditon for Un ene is given by 


(7.3) (Jr, + mena a Mett Vip map 


Convergence conditon for (^) pU) is given by 


4 1 
Ri +..¢—=1. 


Convergence conditon for pU! is given by 


(7.5) Tp Ty +N yyy tee tly EL. 


Convergence conditon for "WE is given by 


(7.6) X mE <a, 
Th Teo Tea Tn 
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Kb n) : . 
Also Convergence conditon for e de is given by 


CL) Drun T nac et cun 


We can also derive (i) Fractional Derivatives (ii) Fractiona] 


Integration and (iii) Analytic continuation and multidimensional integra] 
transforms etc. Also applications of these functions can be shown in (i) 
heat conduction problems, Electrostatic Potential problems and in other 
similar problems of physical sciences. 


11) 
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13] 


141 


151 


[61 


171 


18] 
19] 


[10] 
[11] 
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ABSTRACT 

j The object of this paper is to establish two general multiple integral 
transformations of the multivariable A-function (1981), as a Kernel product with 
Fox's H-function [3,p. 408] and Laguerre polynomials respectively with the gernal | 
class of polynomials ([4] and (7]). Several possible cases are also included. 
2000 Mathematics Subject Classification : Primary 33C60; Secondary 33C70 
Keywords: Multivariable A-function, Multivariable H-function, Hermite 
polynomials, Laguerre polynomails, Jacobi polynomials. 

1. Introduction. Gautam and Goyal (1981) defined the multivariable A- 
s function which is generalization of multivariable H-function of Srivastava and 
Panda [6]. The difinition of multivariable A-function runs as follows: 


(a :A At ar Cl Ju Ce " 


ZE DUM Mg 


(b ën. (aD, eee Dj ie 


v, C:U 015 30, ser 


AMARA A] n 
Alz,,...,2,]= A : 


etic! =L Al 0,(s,)---0, (s, (s, Jen! 0027 dnd (LD) 


y 1 S 
GC T a cr Von dau (1.2) 


as 


as 


HORSE ee, (13) 
Sr De. Di-5;- - S; 
di [n "nh idwar. Co Sca OUR ive 


J=A+1 
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dl AJ sit 
Here 11,4,0,C,p,,4,.¥, and c; are non- -negative integers and all aj,bj, dj EH 


are complex numbers. The multiple integral defining the A-functon of T-Variables 


converges absolutely if 


0 (14) 
n, >0, UN 
and Jarg(E, Jas Ik RC (LÉI 
where 

s - TI" TIBO” Trpo" Tree, an 


4 “ing a en «YD Hc (18) 
ja ja ja ja 


II IA 
ja ja ja ja pal jal 


j=l j=l 


Wd = Mes: (19) 


If we take all AUS Bis C Us. and D as real and u=0, the A-function 


reduces £o multivariable H-function of Srivastava and Panda [1976 b]. 


Srivastava[4] introduced the general class of polynomials (see also 
Srivastava and Singh[7]) 


Ba] 
ail. EE Bie 4 2+.9=02,.. a 


where « is an arbitrary positive integer and coefficient Apr (8,2 > 0) are arbiter 
constant, real of complex. 
2. The Main Results. 


(eges bai La Delhi $+ ache y 


Hed dst rias “tk, xr les ule ale, Ep) 
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wh 


2) 


n 


pA eet ver E dxi dos 


v, Cu, Cpe lie SC, 


[b/a] 43 
= Ep (hy a ¿ep ) EN l Bie Apan E AV hern m eio, 


h=0 k! Mag plu, «eit, ue, 


lp, 10,510 10880 Lo; ],, [i-a , S he)y Ny e Nar]. 
[1-S«0:N, 7, 4N,-n, l [L-e, Shy Nie nN, e] j 
o 


where 

X x ia gl p p, Ui 
p= ET conte” oy oc +... eod e 

S=0+0,/p, ops 

ën, 5) = (51...50, Vines unn Bn 


Ni =m +8})/o, e... e/o, 
and 


(i) 
IS dl 
E Im, y T le 


The above integral formula (2.1) is valid under the following sufficient condi 


(a I 
! Ach p.20, n 20, E) >0,Vi, je {Lath 


(b 
| Re (o;)> 0,7 —1,...,r and 


SEN = um ele oc 


iz] 


Re(S) d 


J 


Where dj = min Re(2 / DO) j =1,...,Hj, 
(c) 


m ; 0.2, 20 
> P, q, are integers such that 1<m<q and Boo 
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(2.1) 


...(2.2) 
.. (2.3) 
(2.4) 


(2.5) 


...(2.6) 


tions: 


(2.7) 


...(2.8) 


(= 


dok Un o(j 1, 


j=1 j=1 
Qs uie Yu 22 >0 and jarg(@)< 1/2 207, (29) 
jamal j 
(d) IS arbitrary constants, real or complex and P,k 20. 
(e) Conditions corresponding appropriately (1.4) through (1.6) are satisfied by 
: : m,0 
each of the multivariable A-function occurring 1n (2:1). Here H. [z] denotes the 


familiar H-function of Fox ((3],p. 408, see also [5], p. 310). 


(ii) 


in 
where L“l(z) be the Laguerre polynomials of order u and degree d 


1 


L ^ | crum xo at pea y tilt pee hx a 


51 
21%] 
IA : 
A, LORI Se Ee j do dr, 


SH 


Eise Wl, m» 
(w)! yl 1»: Er 22 Sec Ae An 


Akt, Ja rst, A, +1 5 =9= hk;Ey gs lp], 


v+2,C+1:0, +1,¢,,...,U,+1,¢, 


[i - S - hk ui /p;..36, lp, ble, ¿A AE ¡(1-01 /p1581 /p1), 


J 
[1-S-hk+u+w;&,/p,;...5&,/p,], by ;B'; JU ) 


J YAN) dS 


loro, MN sia, E eco B 


Eé D'; Jen de oe A | 


030 


Z,U E 0,7. 7 0,p; 2 0,6; > 0,Re(o,)» 0,9, = Wiss gm 
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SS Së ,Re(y)» 0, 
SE VOD 


Vito) and 6, being given by (2.4), (2.3) and (2.8), respectively, 


i-1,.,r and conditions given by (1.4) through (1.6) are assumed 


H 


p» IP, 


g zz 
to hold for the multivariable A-function. 
3. Proofs. To prove the main results, we take some assumptions for 


t r 
convenience ns; and ps denote the r-terms sums Y ns, and Ses, 


i=] isl 


respectively Vj =1,...,r. (3.1) 
Also, let 
zx" 
a ra Hy ASL jb Àr 2 
A= CRECEN SF opo dr ka Ana $ dx, ...dx,, (9.2) 


BER 
where the X; are defined by (2.2) and the fuction fis such that the multiple integral 
converges. On replacing the multivariable A-function occurring in (3.2) by contour 
integral given by (1.1), under the various conditions stated with (2.1), we find that 


1 
A= 5 Sa 
(210) Is Jex(s1)...0,(s, (5...) UE, 
i. 


n, 5, 


dë L x Essa x eX cea m + SE BEEN È 
Ple, x Pi ...(9.3) 
| TI Soon oa )dx, ...dx,}ds,...ds,. 

Now we interrupt the innermost (x1 ,...%,)-integr 
fa known result [1,p.173]. 


al by using the following 
from o 


b Page ot (ey "y fa? OPERAE Jas, ds, = oi, Kl 


Dos / 
I (o * ` P1)-Dlo M: /p,) NX np (3.4) 


1 Put..+o* (e) 


e 3.3) reduces in 
"Aessen ut orent mim e Blaat E" ae 


ME 20 
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the following form 


A= V(r yin) | -f 6; (s, )...9,. (s, Pls ES Y 
(ro) ^'^ t 


UE ime aM jos reiden d, 
T(o*, (p +..+0,/p,) 0 


-- (8.5) 


where lb. AL N; and S are given by (2.4), (2.5) and (2.3) respectively, and 


UM 
v MM (816) 
Gop ES), E E (8.7) 
t=] 


Now in the integral (3.5), we set 


f(z)=2°H E (8.8) 


GE Vere send 


(gara) ev) 


and evaluate the z-integral by following familiar formula (when n- 0), expressing 
the Mellin transform of Fox's H-function [5,p.311,eq.(3.3)] 


[[r@;+3;s)[ Iro; As) 
MB" (ex): s]- 5 JA 5 5 
|Irt-p, - 5,5) | Ir; + Ausl 


Jamal J=n+1 
Interpret the resulting (s],...,5,)-integral as an A-function of r-variables, We will 
obtain the required result given in (2.1). 


Moreover to establish the other main integral (2.10), we can find relationship (35) 
in similar way and then we set 


-S 


Z (39) 


f(e)= 2° expl- yzi sj hz]. | (340 


; acc GË 
Ecaluate the innermost z-integral by using to a slightly modified version ? 
following well-known integral [2,p.292,eq.(1)] 


Me” Us (rehs- em S S erg SÉ 


: on of 
If we interpret the resulting multiple contour integral as an A-functio? 
r-variables, we will get Gesitadapscutet€2, HOjjawar. An eGangotri Initiative | 


AY 
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9) 


d 


4. Special Cases. 


(1) For the general class of polynomials, we take the case of Hermite 


mials ([8,p-106,eq.(5.54)] and [7,p.158]) by setting side te Si 


polyno 


which case a = 2, Aj E Du 


(i) Integral 1 (a): The result (2.1) reduces in following form 


mp E 5+fh/2 
Ta xp EXT (t^ cb hx P ji ne”? 
0 


1 T "d lencia 
5 leal = och) oneal 
Ant” path 81,11): rta 
zuX 
BA: ae ll A s DI T - 
Gelee, : dx, ...dx,. 26 basah) > E hk 
2, X jo B- 2) Rt 


r r 


Ms. 
AAEN emis dyin, A, Soon T2 Joch, 
U*r*q,C p+1:0,,C,;...30, ,C, [1 -Sto: N, tr nds 3 n,), 


l-g; HS + hk)y 3 NY jo NM juge 
[1-e; - (S + hk} j; Nie j»..-, N€Í1,p, 


o ` o ZS yi Z 
Atas) ei, e, MD 
B; CHIC) Ih. AD aD, pf le, |Z, 
y 


ee Under the same conditions as obtainable from (2:1). 
: Integra] 1(b). The result (2.10) reduces in following form 
o Ee Bh/2 
h l ei Eu 1 (py x^ Pe aan P 

"NI 
exp (s, x^ eub hx P yrs ook In 
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1 Aip pe Ab? S A 
GO 2 eke hacks 


Selbst £e f EX 
) =S k 
= ry wy E EA JOEY KU vy" 
k 


E = (k)(B— 24) 


JH, 


Anse E Apt 
^y 2, C e Yo € 1,0 st, tc, 


e —hk;& 1013-236, / p, ], 


[.- S- hb eu Ip, /0,] [eA 5A ¿A H: ;ü- 91 /01;51/p1), 
[(1- S - hk t u * wE lp, E, / p,.], " Bs ESB 96; 


(; C; le ll zë [aar (et, cn) v E 


(2,5)... (al, p?) a (42) 


valid under the same conditions as obtainable from (2.10). 


Br Va 1 T 
(2) If we set o 2 1and Ap, = Bp Iva» the general class of polynomia' 


reduces in Laguerre polynomials ([8,p.106,eq.(15,16)] and [7,p.159]) where Laguerre 
polynomials are given by 


1p]- Aem 
(i) Integral 2(a) . The result (2.1) reduces in following form 


ihe zie xu Sal x P f hex, PP 


tha ters] Ir; de (ex, took x, JM 


(e zl (e; Yq 
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pma» ` Ida dag, 
AE 


r Ju 


P di ae OR g-hk EM REH 


js 
V TA p- k Ur GC p+ Livy Cy ;...;U,,C, 


mpg fo o i - gj -(S + hk)y ji Nit jo NY lig 
[1-S+0:N, —n,,...,N, -n,),[1-e; -(S+ hk)e j,- N38, 8 ilip ; 


GHG mones ` E 


valid under the same conditions as required for (2.1). 
(ii) Integral 2(b). The result (2.10) reduces in following form 


E n 
AI cl "he a Pr 
ah SERI el (e, a," HEH y 


x,^ hz y lex X; P ait [aoe J ail DEN SEH ya 


w 


expl Alb, x," +. + 


Al set BH Ay +15 3H, Ap tl 
v+2 Cu, *lc 0, +1,¢, 


pw hk; [p1--5Sr Ig, ], 


A”) :(1- c, /py;&i / 01) 
Oj Bi BOE: 


A one, TIE 5 
I1- S - hk +u + usi [Pis Er I Prd 
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Ne CN ee qu E Or TNT Hor U, al | ,ex] 
EET "EUM Eris (44) | 


valid under the same conditions as obtainable from (2.10). 
(3) For the Jacobi polynomials ([8,p. 68, eq. (15,16)] and [7,p. 159]) by Setting | 


Salz) = PEL —2z] in which case a =1 and 


uos Bs (s+t+P+1), 
ul B (s - 1), ; 


(i) Integral 3(a). The result (2.1) reduces in following form 
[eese "rdi i 


Pe ana?" sao LEE DS BI tbe 


2X, k 
GH slep, 2 3) PA aine: mida Ge, 
len elle S p»Yq ges E X 
val: 
-ESw(h » E B+t+k+s Shk (quA Em Jas] S 
us p H k Ae UD AN by | 
(5) 
L. lo; El Kare kari [Bl e, -(S+ hy ji Ny jo NY jla obt 
MS «o: N, —n,....N, —n,],{1-e; -(S + hk} j,- Mie Meis 
la, LA", | 9) (e (7) etr) Z F 
i. ECK 1, n Ar dëi des j| (49 
bB! BO) (a. ail A u 
J j lc ja, e BEN Dj Mel zl 
[2] 
valid under the conditions as required sufficienty for (2.1). | 
3] 


(ii) Integral 3(b). The relult (2. 10) reduces in following form 


9-1 = 
fem e 
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| egi Yn th JUD +. + a 
IN E 
| ZG 
| Gg fı K 2n CEN +.. f oos 8 AS asp : dx, dX, 
| i K 
ng | 
ge? y Prt+k+s 
= Plk,- k, ghk 
"EMO ` / 
A012 e es. aH, A, A Beene Ste / p,.]; 
2042, C+L:0,+1,0] 3-10, ec, 
IS huis 191: Ioni at AC] s ro louis) 
[I-S - hk uw; lo AE Ip, OBB 03 | 
| 
D iC; 1 (LE TETES El 
| ' AE r) PE NC 
(2,0 era pgs KS 


r 


valid under the conditions as required sufficiently for (2.10). 
(4) Ifwetake B — 0 and p=0 in results (2.1), we obtain a known result obtained 


by Srivastava and Panda [6,p. 354, eq. (1.8)]. 
(5) On putting B>0 and p=0 in result (2.10), we arrive at a known result 


obtained by Srivastava and Panda [6,p.354,eq.(1.14)]. 
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ABSTRACT 

The present paper deals with a theorem on uniform T(C,1) summability of 
Legendre series under very general condition. It generalizes a very recently known 
result due to Tripathi and Yadav (2007) on uniform (N,p,q)(C, 1) summability of 
Legendre series under similar condition. It may be noted that the (N,p,q) 
summability is a particular case of the T-summability method. 
2000 Mathematics Subject Classification : Primary 42B08; Secondary 42A24. 
Keywords : Uniform T(C,1) summability, Legendre Series. 

1. Introduction. An infinite series with Xu, (x) with the sequence (S, ) of | 


its partial sums is said to be summable (C,1) toa fixed and finite sum S(x)ata 
point x in an interval E, if the sequence-to-sequence transformation 


Cle E S Sn (a) (1.1) 


tends to S(x) as no. [Titchmarsh (1959), p. 411]. 


Let T= lana] be an infinite triangular matrix with entries a, over reals or 

complexes and 

Dat, 70 for k>n. (1.2) 

The Sequence-to-sequence transformation 

Te) X a, Cile) (1.3) 
Rel 


definies the nth Timean of the seguence (c: (x)} of the (C,1) means of the sequence 


is, (x)} of partial sums of the series Zu, (x), or the nth T(C,1) mean of the series 
| Zu (x) at the point x in the interval E. 


If there exists. afanan Sl sue that An eGangotri Initiative 
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T. (x)- S(x) = O(1) (Lg | f 
as n oo, unformly in E, the series Xu, (x) is said to be summable T(C, 1) unformly 
in E to the sum S(x). lj 
The Legendre series associated with a Lebesgue integrable function fx) in 
the range (-1,1) is given by an 
E f 
f(x) p> are (x) (1.5) t 
n=09 
as 
where 
1 E 
| 1 
a, = | + 3) f(x), (x)dx (16) fo 
all: 
un 
and the n^ Legendre polynomial P (x) is defined by the generating function 
i ? mi 
O L 
V1—2x2 +2? 2. : e) 
We use the following notations ks 
w(t) =, (é) = f(cos(0— t)) - f (cose) 
Le 
and 
N O= $a, alte leien? A 
Jb ksin?t/2 
hel Sin £/ 
th 


2. Main Result. In this section, our aim is to study uniform TC, 


summability of Legendre series (1.5) under very general conditons by establishing 
the following : N 


Theorem. Let T=(a, y) be an infinite regular triangular matrix with entries (app) 


as a sequence of non-negative reals, non-decreasing with respect to k and P 

PA Sg Ya, S (2.1) ID 
k=l 

Let {p 


E a à ] 
n} be a non negative, monotonic non-increasing sequence ok Te 


' coefficients such that its n^ partial sum DES no det xl) and 


u(t) be two positive functions of ! such that At). u(t) and zA(r)/u() increas? 
monotonically with ¢ and 


A(n)P, = O|u(P, )] , a$ no (2.2) 
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If 
Xt)p. 
NU -o| WP) | YAS 
and 
pela, ¡ujdu = o(1), 
7 


as t 


n= min[arc cosu — are cos(u + a) 


for u in (-1,1-a), a>1; then the Legendre series (1.5) is summable T(C,1) 


unformly in E to the sum f(x). 


3. Lemmas. The following lemmas are needed in order to prove our 


main theorem: 


Lemmal. [Lal (2000)] : If (a, 4) is non-negative and non-decreasing with 


k<n then for 0a «bo, O<t<n and any n 
k 


Lemma 2. If we write 


o ace 
k=1 ksin“ kt/2 
then 
O(n) forü0xt «1/n 
N,(t)= o for 1/n€t n. 


Proof of Lemma 2. For 0<t<1/n, 


hjsin” t/ 2 


IN, (t) s Slana 
k=1 


0, unformly in a set E defined in the interval (-1,1), where 
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= O(n), asn 2 o. wi 
Using regularity conditions for T-method of summation for 1/n < 4 < n n 
4 (k+l) fo 
sin (k + 1)t/2sin kt/2 
N (t) 2|» a, == N 
| > 2 PT ksin? t/2 
[9] 


: y S Icost/2 —cos(2k + 1)t/2} 
A o 

ie 1 ksin? t/2 

n 
«| cost/2 


z cos(2k + 1)t/2 
lii as ksin? 1/2 2s 


n,k 3 
k=1 ksin? t/2 


= NOR due e. "ua | Fu 
MS | su 
= dh AR [Ree ikt T, 
nt? nt? j E UB 
l 1 n 
= of == i(n-k 
nt? ) s d nt? JOE SCH 
1 
nt? j? MI 
as n — o. 
4. Proof N 
(1.5) at any En |o Then n^ partial sum S, (x) of the Legendre series | 
In (-1,1) is given after a well known computation by No 
(4.1) S,G)-f(x)- E (" fleos(0-2)}~ f(coso T 
E SS reo) e 3 n 
n sing l sint/2 | ll + lt sin(0 - £)at + o(1) 2 
1 Or 
- d L [ieos(9 — sin(n 
0 "x - flcose sintn #1) Le 
)] sint/2 dt |+ o(1) 
I: 


T o| P WEIEN 
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where, 


"E min|[arc cosu - arc cos(u + a)] 


for u in (-1,1-a), REI 


Now, the (C, 1) mean c, (x) of the Legendre series (1.5) at x in (-1,1) will be given by 


n-1 


== E we bx (m 1t v larot ) 


0 sint/2 | Een 


D 1 P Sa DES nt Zu e O(1). (4.2) 
n *0 sin ¢/2 


Further, following (1.3), we have T(C,1) mean T, (x) of the sequence S, (x) of partial 
sums of the series (1.5) given by 


= 307 Jo, (x)- f(x} 


E ji vel Sana sin(k+ 1 Pame pa +01) í 


fe ksin? t/2 


= fw, dt +0(1) (say) (4.3) 


d i inkt/2 
N,(t)= M sin (k + Dip if 
B kan" t/2 
Now, if we show that 
T,(x)- f(x) E o(1) 
38 no unformly in a set E then the Legendre series (1.5) will be summabile 


TC 1) unformly in E to the sum f(x). 
et us write 


TA) - fle) jov, (O2t--0(0) 


fee 


(4.4) 


(1) 
EC Kangri Collection, Haridwar. An eGangotri Initiative 


= 1, +1, « O(1), say. (4.5) 


Firstly, we consider I,. Now, 


Dis f, WON, (Chae 


= On) ved , using lemma 2 


s od VE: | , using (2.3) 


Aln)P, |. 
E 2 | since np, € P, i ' 
d HB.) | p by the conditon on {p,,} 
- o(1), using (2.2) 

as n> 0, unformly in E. 

Next, we consider I,. Here, 


"ESO AOT 


B fa Mo D Wi. a 


n jlin t? n jlin 1 


o 


- O(1/n)1I5 ; * O(1/n).I; », say. (4.7 


Now, 


spei un. 


k(P,,) k(P,) -2 lin 
2 
E oo A(n)P, 
HES, 
= O{n)+O(n) 
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(1) 


[2] 
[3] 


^ 


s0 that 
0(1/n) 12.1 = o(1) as nb, unformaly in E. (4.8) 


Lastly considering I, we have 


=0(1), as n o, 
unformly in Æ, on using (3.4), so that 
O(1/n)Is 9 = O(1/n).o(1) 
- o(1), (4.9) 
as n — o», unformly in E. 
Combining (4.7), (4.8) and (4.9), we get 
I, =o0(1), (4.10) 
as n — co, unformly in E. 
Lastly, combining (4.5), (4.6) and (4.10), we obtain the required result in (4.4). 
This completes the proof of our theorem. 
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ABSTRACT 

This paper ivestigates M/G/1 queue with Bernoulli feedback under an | 
optimal control policy. According to N-policy, the server renders service only when 
N customers are accumulated in the system, once he initiates service, continues 
to provide it till system becomes empty. The system size under steady state 
conditions are determined by using generating function and supplementary variable 
technique. The analytical results for average queue length and mean response 
time are obtained. The optimal N-value is obtained by minimizing the total 
Operation cost of the system. 

2000 Mathematics Subject Classification : Primary 68M20; Secondary 60K25. 
Keywords : M/G/1 queueing system; Bernoulli feedback. Supplementary variable. 
N-policy, Cost analysis, Total response time. 

1. Introduction. Feedback queueing networks are important in many 
applications where the customer getting incomplete service may try to seek service 
Tepeatedly till his service gets completed. Such situations arise in manufacturing, 
data communications, telecommunications, packet transmissions, etc. Several 
authors have investigated the feedback queueing systems in different frameworks; 
Some of the recent works are as given below. Disney et al. (1984) derived stationary 
queue length and waiting time distribution in single server feedback queues. Vanden 
et al. (1991) studied the M/G/1 queue with processor sharing and its relation to a 
feedback queue. Sojourn time in vacation queues and polling systems with Bernoulli 
feedback was discussed by Takine et al. (1991). Rege (1993) discussed the M/G/1 
Queue with Bernoulli feedback. Adve and Nelson (1994) gave the relationship 
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between Bernoulli and fixed feedback policies for the M/G/1 queue. Thangaraj and 


Santhakumaran (1994) analysed Sojourn times in queues with a pair of th 
instantaneous independent Bernoulli feedback. Bhattacharya et al. (1995) Studied de 
on adoptive optimization in multiclass M/GI/1 queues with Bernoulli feedback ii 
Takagi (1996) had studied the response time in M/G/1 queues with service in random Si 
order and Bernoulli feedback. Fujian and Yang (1998) discussed queue length PS 
performance of some non-exhaustive polling models with Bernoulli feedback. Choi, 
et al. (2003) discussed an M/G/1 queue with multiple types of feedback with gated y 
vacations and FCFS policy. E 
Many researchers have incorporated the concept of N-policy in queueing th 
system in which the server turns on whenever N or more customers are present in a 
the system. Tang (1994) obtained takacs type equation in the M/G/1 queue with N- 
policy adn setup times. Piscataway and Choudhury (1997) considered a Poisson ols 
queue under N:policy with a general setup time. Lee and Park (1997) discussed an FC 
optimal strategy based on N-policy for production system with early setup. Jain ant 
(1997) has introduced an optimal N-policy for single server Markovian queue with de 
breakdown, repair and state dependent arrival rate. Artalejo (1998) gave some Be 
results for the M/G/1 queue under N-policy. Gupta (1999) considered N-policy an 
queueing system with finite source and warm spares. Hur and Paik, (1999) analysed bs 
effect of different arrival rates on the N-policy for M/G/1 with server setup. Kumar tir 
et al. (2002) considered the N-policy M/G/1 feedback queue with varying arrival 
rates. Jain and Singh (2003) have discussed an optimal N-policy for the state: m 
dependent M/E,/1 queue with server breakdowns. Jain (2003) analysed N-policy `P 
for redundant repairable system with additional repairmen. Pearn adn Chang (2004) E 
presented optimal management of the N-policy M/E,/1 queueing system with 2 N 
removable service station. Berman and Larson (2004) have analysed a quel A 
control model for retail services having back room operations and cross-trained ui 
workers. pd 
; Several authors used the supplementary variable technique in M/G/1 queue. LS 
Hokstad (1975) has applied supplimentary variable technique in the M/G/1 que" E 
Wang an Ke (2000) employed a recursive method using the supplementary variable n 


technique to established optimal control policy at a minimum cost involved. 
The purpose of this paper is to obtain the mean response time and optim Bt 
operating N-policy for finite M/G/1 queueing model with Bernoulli feedback. TY 


rest of the paper is organized as follows. We provide notations and terminolog Be 
related to model in section 2. In section 3, the probability generating functio" S 
technique to obtain steady state probability distribution of the number of units” S 

J 


the system is discussed. The su iable ting UI 
CC-0. Gurukul Ana akan BS VR é ES T hnigue Dy s ad ]ts for 


remaining service time as supplementary variable is used. The explicit resu 


145 


the average number of customers in the system and the mean response time are 
determined in section 4. The optimal operating N-policy is also stated to minimize 
the total expected cost per customer time. In section 5, we deduced some particular 
cases which match with earlier existing results. Finally conclusion is drawn in 
seciton 6. 

2. The Model Analysis and Description. Consider M/G/1 Bernoulli 
feedback state dependent single server queue with general service time distribution 
and finite capacity K under N-policy. The customers arrive at the system according 
to Poisson process with arrival rate 4 and the system permits no arrivals when 
the number of customers in the system is reached to K. The service time of each 
customer is independently identically distributed (i.i.d.) random variable with 


distribution function B(x)(x 2 0). A single server renders the service according to 


FCFS discipline. As soon as the system becomes empty, the server turns off and 
may not operate until N customers are accumulated in the system. A customer 
departs from the system after completion of the service with probability o. If the 
service is not successfully completed then the customer again joins the system 
and is cycled back into service with probability (1-0). We apply supplementary 
variable technique by introducing the new variable X denoting the remaining service 
time. 

The following notations and terminology are used to formulate the 
mathematical model : 


`P -traffic intensity such that 0 «o <1. 
iS) - Bernoulli feedback parameter. 
N - Threshold parameter in turn on policy. 
X - remaining service time for the customers being served. 
W - expected waiting time of the costomers. 


pdf - probability density function. 
LST . Laplace Stieltjes Transform. 


DI ^ - probability generating function. 
B - service time random variable. 
B(x) - service time distribution. 

ee - pdf of service time distribution. 


B'(9) . LST service time distribution. 
Br 0)- ith order derivative of service time distribution with respect to 9. 
H - service time random variable in Bernouli fcedback queue. 

Hx) - service time distribution of H. 

age E pdf of service time distribution of H. 
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H'GO(g)- ith order derivative of H with respect to 0. ; 
Poo) = Pr (the system being empty at time t) 3 
m (x) = Pr (there are n customers in the system at time / when the server jg 

,n 

turned off, where n=1,2,...,N-1.). d 

py) = Pr(there are n customers in the system at time ¢ when the server is turned dt 

qo 


on and working, n=1,2.... ). 


p*, (0) = LST of p, ,(x). ^ 
N-1 
Go(z)= 3 2” Pon» PEF of Po,n (x). 0 
n=0 z 
x S 
G, (z,0)= Y Pin (0) pef of pi. (x). a 
1=1 ài 
K 
G; (2,9)= 2" pi, (0) paf of pi n (6). | o 
n=1 = 
G(z) = pgf of the number of customers in the system. A 
Let us assume that the customer is feedback the end of the queue and will 2 
return again and again till the service is completed. The total service time H(x) of E 
the customer is the time from the initialization of service upto final departure a 
from the system. It is noted that (cf. Kumar et al., 2002) 
Po, 


oB (6) 


H Bliesen 0 (1) " 


Thus, the mean service time H gl and the second moment H (0) of the 


p dr 
service time of customer is given by (cf. Takine et al. 1991) e 
u 
s pi 5 *(2) e : i 
HWo)- zB") H'9(o)- B0), aio) [p O(o)P NO Do, 
* S In ; 
3. The Analysis. We now proceed to analyze M/G/1 queueing system with d 
Bernoulli feedback under N-policy by using gererating function and supplementary 
variable techniques, treating the remaining service time as supplementary variable 0s 
X to obtain steady state results of the model under investigation. Let us define 
pi, t)dx = Pr.{Z(t)=n,x < X(t) « x dx) x20, n=1,2... c 
Pin (t)= [7 Pin (252 Mx, 1=12,... (3.0) ES 


The equations that ae LOVE iNe model are as follows: native 


Z Pool) = Aa Poot) + Pi (0,2) (3.1) 
R Pou(t)=—AcBoPon(t)+ Aaf pt OA E (8,2) 
2 Jeu) iG ma (AG) (3.3) 
22 Pin t) = -Api n nt) Mt) Pia Otha) Zens N TO 
a ô : ; | e 
EE x PW (x,t) = p, y Gt) Apy at) Apo a Lal aal, Elle) Sto) 


2 ae (x,t) = —APin (x,t)+ Apis (x,t) + Pina (Otele) N +1 Sus K -1 (3.6) 
Ox 


ot 
d 0 
2 Jp)" ses 48.7) 
For steady state, we use the following notations 
Pon = lim Pom (c), n=0,1,2,...N-1 
Pin = lim pin (t), n—1,2,....K 
Pin (0) = lim Pin (x,t), n=1,2,...,K. 
Further let us define 
...(4.0 
Pu) Pohl) | es 
| In steady state, the equations (3.1)-(3.7) reduce to the following: 
s ...(4.1) 
| LE an + p,,(0) 
S ...(4.2) 
SUDO + XoBo Pia» 1«nzN-1l 
xe (4.3) 
dy 2u (=)= Ap: (x) + pia (0,09) Es 
...(4.4) 


d 
“dy Pin (x) = Api (x)+ Api sa (x) + Pi.n+l (0)h(x); 2<n<N-1 
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T bi N (x)= Apr (x )+ ADM. 1 (x c)+ APo.n- Ja )* PiN (0)^(). (4,5) 
di Pt 
Lp (2) = 201 c) + APink% cl Py. n+ (0 hx) N+1<n<K-1 CH 
ghe = 
Nc E) ` (4.7) 
dx 
Using equations (4.1)-(4.2), we obtain 
pi (0) 5 Ao poo = Ào Pon? 1<n<N-1 (9.0) 
When we take LST of equations (4.3)-(4.7), we get the following: 
(A-6)p, ,(0)= po (0)H. (8) p, (0) (5.1) 
D -0)p, D E NO a (0)+ Pin MH (6)- Pin (0) 2<n< N-1 (92) 
D -0)p;. N Lë )- hp na @)+ pi. OH (0) Apo. OH" (8)- pi. (0), (5.3) 
D- 9)p,. ,(8)= Ap, Wana (0)H (6)- pl N«1znzK-1 (9.4) 
-6p; x (8)- Api x-1(8)= pi. (0) i G3) 
Using (5.0),we get 
opin- H (0)= p,,(0)H (6) . (6) 
Now using this result equation (5.3) reduces to 
E $ E e 7) 
(A= 0)p; y (0)= Api n-1(0)+ pi nai (0)H (0)+ p, (0)H (0)- pin (0) 2 
Now, adding equations (5.1)-(5.5), we get 
-p 1-H'( " 
DNO n M ics q SE n o zo 
n= n 1 


Applying L'Hospital' s rule in (8), we get 


K 
Yn (8) = ^ nuo n (9) 


n=] O nal 


where 6, = Bo) 


1) 
3.1 Probability Generating Function Technique. The equations E" 


and (5.2) are diffeult to be solved recursively. In view of this we proceed to ? 


¡lit 
analytic solution for p,,, pj, (0) (n= 1,2...) in closed-form by using probabi 
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Using Don = Pon Un = 0,1,2,...,.N -1) we have 


mM 
Gas LZ ...(10) 


Multiplying (5.0) and (5.5) by appropriate power of z and summing, we get the 
following equation 


| 


] 


(1-0 —-Az)G; (2,0 9 Z0 - 118, (2,0)+22 NE ëlp, — XH (0) Poo + 2^ pi x (0) (11) 


Now putting 02 4 -Az in (1.1), we have 


ett. M2” H Del ` Mm) 
E (a (.-22)/2 ls esr MI Q.-232)/z sili 


(12) 


Substituting the value of G,(z,0) from (12) into (11), we find 


G, (2,0) = AS = [z0 Ere Di +22" pelt -22) (13) 


By Putting € = 0 in (13), we obtain G, (2,0) as 


Tag“ jp (2. - xz) 1 
G (2,0 |. eas pg ue | Az* p, (.-Az)- > g "Dy a 14 
ile K L H (à-ìz z)-z DE pu el nel A / 


1) i 
Now the probability generating function of the number of customers in the 
System is given by 

j (1-2 JH (4-72) psc M 
G(2)=G,(2)+G, (z,0)= Ee Poo he pi g (222), (15) 
The probability pg y can be determined using the normalizing condition 

)) po. 

Npoo le papa z1 .. (16) 
iz] 

To determine pi x (0), we use recursive approach and obtain 

| , 

in E Wes ) K T - 

PIK ()-4H (05 Pr; +2 Du 

y i=l t=1 
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s for performance Measures. We now, propose i 


4. The Expression ; 
cit form by using generating 


find the following performance characteristics in exli 


functions tecnique as follows: 
(i) Expected queue length. The expecte 
is obtained by using (17) as 


L= G (2)... 


N(N -1)o(o-p)+ 2Np(o-p)+ te) A 
2(s - p). E 


d number of coustomers in the queue 


EIS -1) pi (0) - 222 Kp," (0) 22 Kp, y (0) ..(18) 


where D (0) and pu (0) are determined by using (17) 


and H” = E H al 5 o) Eno] : 


o 


where B'?9) stands for the second moment of the service time. 


(ii) Mean response time. 
The mean response time is given by 


E(R) - W +B(0)= = +B) zu 


where the value of L is given by (18) 
(iii) Optimal N-Policy 

Let E[I], [B] and E[C] denote the expected length of the idle period. m 
busy period and busy cycle, repectively, such that E[C] - E[]] E [B]. As the length 


of the idle period is the sum of N exponetial random variables each having 2 mea 
of 1/4 so that we get 


N 
Ell|== 
LN 
The long-run fractions of time of idle and busy server are given as follows : 
Eli) 
EIc = G,(1) = Npoo BC ) 


SS | 0) 
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V 


The number of busy cycles per unit time is obtained as 


1 
Ell SC (22) 


we now consider a cost function in order to get optimal value of threshold 
parameter N as given below: 


, EU , EIB 
EIF(N)=C,L+C Bc, BP +(C, "Coi (93) 


where, C, - Holding cost per unit time per customer present in the system. 
C= Cost incurred per unit time for keeping the server off. 
— Cost incurred per unit time for keeping the server on. 
C,= Start-up cost per unit time for turning the server on. 
Cy- Shutdown cost per unit time for turning the server off. 


1 3 
Since Eli is independent of the decision variable N, neglecting fourth term of 


(23), we get a new cost function per unit time to be minimized as follows: 


S N 
E\C(N)} -o [897-9 C;NPoo +C NA = Poo (24) 


5 dE¡C 
To find the optimal value of threshold parameter N (say N ), we put it ane Ro 
yielding to 


Nanga Hadog cx SCH (28) 


C, 
We observe that N^ is not an integer, the best positive integeral value of N 


is obtained by rounding off the value of N“. 
5. Particular Cases. In this section , some special cases by taking 


appropriate parameter, will be obtained as follows 
Casel: The M/G/1 Model with N-Policy and Bernoulli Feedback. Putting 


A, - X and be i.e. the case is of infinite capacity system, we get results as 


follows: 
The average numbers of customers in the system and mean response times are 


= 2 SEI = * 
L.N-1,p, Me E (0) , 20-0) fp "or ..126) 


ANS o 
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N-1 2b AB (0) AG o) pto) 


md BIR) nO äerd "ele 


(27) 
By changing the specific distributiobn for service time, the expressions for 
the average number of customers in the system and mean response time reduces 


to 


, 8-stage Erlang 


DD Xu. exponential 
2 c o(c-p) 
pd NA p n pe 3) deterministic 
2 o Zeie =p) ..(28) 
N-1,p,p 8-0) 3-stage Erlang 
2 lo) 3o(c - p) 
ÍIN- 2 -6 : 
NA p(1-0) exponential 
2h o q(o-p) ou(c-p) 
E(R)- | dd E SC + P * ER ,  determinisitc 
| 2h e 2nlo-p) onlo-p) : ...(29) 
Se 2p s p(1-c) 


2 s 3Su(c-p) ole — p) 
Case 2 : The M/G/1 Model with state Dependent Arrival Rate. If 


Holz B (0) and N — 1, then our model converts to M/G/1 model with state 


depender:t arrival rate which was studied by Gupta and Srinivasa Rao (19963). 
Their results are derived directly by putting above variable. 

Conclusion. In this study, we have considered an optimal N-policy for MI 
G/1 finite queue with Bernoulli feedback. The analytical expressions for the average 
number of units in the queueing system are established by using generating function 
and supplementary variable technique in steady state probabilities. The cost 
analysis is helpful for the system designer in determining the optimal value of 
threshold parameter so as to minmize total expected cost. The analysis of queueing 
system operating under N-policy and Bernoulli feedback mechanism, provides 
unified treatment in many real life congestion problems encountered in compute 
commun:cation systems, manufacturing, production and distribution process: 
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and prove some results about g-regular space to g-regularly ordered spaces. 
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1. Introduction. A topological ordered space is a topological space equipped 
with a partial order. The study of topological ordered space was initiated by Nachbin 
[3]. Nachbin defines a topological ordered spaces to be a topological space if it is 
also equipped with an order relation. The order may be a preorder (i.e. a reflexive 
and transitive relation) or a partial order (i.e. an antisymmetric preorder). Every 
topological spaces may be regarded as a topological ordered space equipped with a 


discrete (trivial order ' <', where x <y iff x=y. The concept in topological space was 


introduced by Munshi [2]. In this paper we introduce the order analogue of g- 
regular space and we prove some results about g-regular space to g-regularly 
ordered spaces. 

2. Preliminary . Let X be a set equipped with a partial order '«'. For yeX, 


the set (xe X : x <y} will be denoted by [<, y] and the set (xe Xy <x} will be denoted 
by [y 3]. For any subset A of X, 


(A) = uv f[a]:aeA), and 


d(A) = U ika]: ac A]. 
Obviously, Ac i(A) and A c d(A), If A=i(A), then A is said to be increasing 
and if A=d(A), then A is said to be deccreasing. In other words is À increasing iff 


*Sy and xe A> ye A, and A is decreasing iff x sy and ye A xe A. The 
Complement of a deareasingxéigeceasing)-snbus. NGSASINAn (de casing). 
à (—000jjj C ———— —— —— 


Let (X, «,T) be a topological ordered space. For any subset A of X, let 


De) = n {F : Fis a decreasing closed set containing A}, 
HUN) = A {H : His a increasing closed set containing 4), 
DMA) = uv (G :G is a decreasing open set contained in A}, 
IMA) = v {M :M is an increasing open set contained in AJ. 


It can be easily seen that D(A) (I(A)) is the smallest decreasing (increasing) 
closed set containing A and D9(A) UXA)) is the largest decreasing (increasing) 


open set contained in A. 
2.1 Lemma [4]. If A be any subset of a topological ordered space X and if D(A), 


I(A), D*(A), INA) be as above, then the following hold : 


Q X-D(A) - I9 (X-A), 
Qi)  X-I(A) E D? (X-A), 
di) —X-I9(A) = D (X-A), 
Qv) | X-DW(A) E I (X-A). 


3. g-Regularly Ordered Spaces. 
3.1 Definition. A subset A of a topological ordered space (X, <,T) is said to be 


decreasing generalized closed (written as decreasing g-closed) if D(A)cU 
and U is decreasing open in X. Similarly increasing g-closed defined dually. 


3.2 Definition. A subset A of a topological ordered space (X, « ,T) is said to be 
increasing generalized open (written as increasing g-open) if X-A is decreasing 
g-closed. Similarly decreasing g-open defined dually. 

Clearly increasing open (resp. decreasing closed) sets are inceasing g-0ptN 
(resp. decreasing g- closed) sets, but the converse is not necessarily true. 


3.3 Definition. A topological ordered space (X, <,T) is called a lower (upper) Ty 


9-ordered if every decreasing (increasing) g-closed set is decreasing (increasing) 


closed. (X,<,T) is said to be Tprordered iff (X,«,T) is lower and upper Tip" 
ordered. 


3.4 Theorem. A subset A of a topological ordered space (X, «,T) is increasing 
(decreasing) g-open iff Fc I'(A)(D(A)) whenever FCA and F is increas"? 
(decreasing) closed. 5 

Duns Necessary : Let A be an increasing g-open and suppose that FCA whenev 
F is an increasing closed set. By definition, X-A is decreasing g-closed set- Also 2 
s c X-F. Since X-F is decreasing open, therefore D(X-A)c X-F. Hence 
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Sufficiency : If F is an increasing closed set with Fc (A) whenever Fc A, it 
follows that X-A c X-F and X-I'(A) c X-F. Hence D(X-A) c X-F. Thus X-A is 
decreasing g-closed and so A is increasing g-open. Similarly, the decreasing g- 
open case may be discussed. 


3.5 Definition [1]. A topological ordered space (X, «,T) is said to be lower 


(upper) regularly ordered if for each decreasing (increasing) T- closed set Fc X 
and each element a e P, there exist disjoint T-neighbourhoods U of a and V of F 
such that U is increasing (decreasing) and V is decreasing (increasing) in X . 


(X, «,T) is said to be-regularly ordered iff (X, «,T) is both lower and upper 
regularly ordered. 
3.6 Definition. A topological ordered space (X,<,T) is said to be lower (upper) 


g-regularly ordered iff for each decreasing (increasing) g-closed set F< X and 
each element a ch, there exist disjoint T-neighbourhoods U of a and V of F such 


that U is increasing (decreasing) and V is decreasing (increasing) in X. (X,<,T) is 


said to be g-regularly ordered iff (X,<,T) is both lower and upper regularly 


ordered. 

It follows from the above definition that every g-regularly ordered space is 
regularly ordered space, but the converse need not be true. Also a space is regularly 
ordered and T jjg- ordered iff it is g-regularly orderd. 


3.7 Example. Let X=(a,b,c) equipped with the topology T= lo, fa}, {b,c}, X; and 
with the partial order '<' defined as : a <a, bz b, b«c, cc, then (X, «,T) is a g- 
regularly ordered space. 

3.8 Theorem. Fora topological ordered space (X, <,T) the following are equivalent: 


(à! X is lower (upper) g- regularly ordered. 33 
(b) For each xeX and every increasing (decreasing) g-open set U containing x, 
there exists increasing (decreasing) open set V such that 

xeVcI(V\D(V))cU. 


Proof. (a)— (b) Let U be an increasing (decreasing) g- open set containing x. 


Then (X-U ) is decreasing (incresing) g-closed set such that xe X - U. It follows 
that there exists a decreasing (increasing) open set W and an increasing (decreasing) 
Open set V such that X-U c W, xeV and WAV =b. Since W is decreasing 


(increasing) oper Cah auko Manaf Chleotef oreak. Aidt. Thus xe Vc I(V) 


E c — — | x 
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(DIV) c X-W z U. 

(b) (a) Let F be a decreasing 
increasing (decreasing) g-open set such that xeX-F. By (b), there exists an 
(decreasing) open set U such that xe U c I(U)D(U)) c X-F. Thus Fc x- 


(increasing) g-closed set and xeF. Then X-F iş 


increasing 
IW)(DW) which is decreasing (increasing) open and U n (X-I(U)(D(U)) — A. Hence 
X is g-regularly ordered space. 

3.9 Theorem. For a topological ordered space (X,<,T), the following are 
equivalent: 


(a) X is lower (upper) g-regularly ordered. 
(b) For every decreasing (increasing) g-closed set F, the intersection of all decreasing 


(increasing) closed decreasing (increasing) neighbourhoods of H is exactly F. 
Proof. (a)= (b). Let F be a decreasing (increasing) g-closed subset of X and xeF. 
Then X-F c U is an increasing (decreasing) g-open set containing x, therefore there 
exists an increasing (decreasing) open set G such that x eG c I(G)(D(G)) c U. Hence 
Fc X-A(G(D(G) c X-G and x e X-G. Thus X-G is a decreasing (increasing) closed 
decreasing (increasing) nieghbourhoods of F which does not contains x. Thus the 
intersection of all decreasing (increasing) closed decreasing (increasing) 
neighbourhoods of F exactly F. 

(b)> (a). Let F be decreasing (increasing) g-closed and xe F. There exists 
decreasing (increasing) closed decreasing (increasing) neighbourhood A of F such 
that xg A. A is decreasing (increasing) closed decreasing (increasing) neighbourhood 
of F implies that there exists a decreasing (increasing) open set V such that 
FEVCA. Now, xeX-A which is increasing (decreasing) open and Fc V which i$ 
decreasing (inereasing) open such that Van X-A- 4. 


3.10 Theorem. A topological ordered space (X, « ,T) is g-regularly ordered iff for 


every set A and every increasing (decreasing) g-open set B such that Ae Bei: 


there exists an increasing (decreasing) open set G such that AnG#d: and 
I(GXD(G)) c B. 


Proof. Let Ac X and B be an increasing (descreasing) g-open such that Aa 


pz 


: t 
Let xeAnB. Then there exists an increasing (decreasing) open set G SUC d 


xeGcelI(GYD(G) c B. Clearly, Gn A+ h as reG mA and (G)(D(g)) SB. 
Conversely, let F be a decreasing (increasing) g-closed set and x e F. If Az Sg 


B=X-F, then A; Deen düheueceuistslcstoriseréwieno ege këisteg open Set Cm 


OO — 
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that Ac G* and I(G)(D(G)) c B. F=X-Bc X-I(G)(D(G)). Thus xeG, Fe X-I(G) 
(D(G)), G is an increasing (decreasing) open, X-I(G)(D(G)) is decreasing 
(increasing) open and GM (X-NG)(D(G))-— 9. 


3.11 Theorem. A topological ordered space (X, € ,T) is g-regularly ordered iff for 
every non-empty set A and any decreasing (increasing) g-closed set B satisfying 
An B- $, there exists disjoint open sets G and H such that AnGs$ and BCH, 
where G is increasing (decreasing) open and H is decreasing (increasing) open. 


Proof. AN B-« $4 An(X- B) +. Therefore, there exists an increasing 


(decreasing) open set G such that An Gs and I(G)(D(G)) c X-B. Then G and 
H=X-1(G)(D(G)) satisfying the required property. 

Conversely, let F be decreasing(increasing) g-closed set and xg F. Put A={x} and 
B=F. Then there exists an increasing (decreasing) open set G and decreasing 


(increasing) open set H such that ACG, BCH and Gc, H = $. Hence X isg regularly 
ordered. 
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ABSTRACT 

In the present paper we obtain the degree of approximation using the Euler's 
means of function belonging to the generalized Hólder metric and two corollaries 
are also obtained. 
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1. Introduction. Let C,_ be the space of all periodic functions f on [0, 2] 
with the Fourier series 


Fe) Di Y (a, cosi +b, sinkx)= Y AG) LL) 
k=1 n=0 
we defined the space Hy i i 
s = Ca :|f(x)- FFI < kolz- yi) ...(1,2) 


and the norm H . by 


Ifl = Ile tsut Fey) 3) 
where |. = sup |f (x), 


and A^f(x,y)- |f) fo) . (1.4) 


"E 


Nf (x, y) =0, w(t), w'(t) being increasing functions of £. 
(1.5) 


If wx -) < A|x - and w'(x-»)s k|x- yl , 


0<a<1,0< Bca A and k being positive constants, then the space 
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is a Banach space [1] and the metric induced by the norm || on H, is said to be SC 


Holder metric. 


Let E*(f;x) be the Euler's (E,q)-means for q>0 defined by 


ES = M SUE ALG) 
(Le q) iW ^ respe 
where 
4 l o sin(k+1/2)t 
Sx) 7- f fet) SEI 
is the kr partial sum of Fourier Sereis (1.1). 
we write 
6, (t)= f(x+t)+ f(x - t)- 2f(x). (1.7) 
2. Previous Results. Mahapatra and Chandra [2] in the year 1983 obtained 
the degree of approximation of Euler transform of the Fourier series of ¢ in the 
Holder metric. 
Theorem A-Let 0€8 «o «1. Then for GH. Hence 
s-r]- Oh 2 (log n s (2) 
where E (f;x) is the Euler mean of the Fourier series. 
Then Chandra [3] gave a better result of above theorem A in 1988. 
Thorem B-Let 0«8 «o x1 and let feH,. Then adile 
Ex(f)-f], = Opn” log}, 22 on) 
The object of this paper is to obtain the degree of approximation On the Bid 
generalised Holder metric, using the (E,q)(q>0)-mean. | 
e 
3. Main Result. Theorem -Let feH,, 0<n<l, 0<B<n and let wi? 9, (y) 
the modulus of continuity, then 
; : 4) and 
enla), = Ollogn (uu m))"*] a 
For the proof of the theorem, we require the following lemmas : ES 
4. Lemma. 
; (43) 
(i) Q, (t) - O(n) 0 «t « n/n 3 
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(ii) Q, (t) - oft 1) n/n«t«m : 
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Proof : It is given that 
t)= (14 z n-k Sin(k + 1/2% 
Using the estimates 
Isin(k + 1/2)te < (k -- 1/2) and |sin(k+1/2)¢<1 


respectively, for the proof of lemma 4(i) and Lemma 4(ii) with the fact that 


(1+q)"" Mr - 
k=0\ 2 


we get 
1+q)” (k 41/2) /t (aa az 1) n-k 
la, (+) = Of) | D - Ofi DW. 


y 
I 1+q)" e as (1/4) ha Sak 
kz0 
Hence, 
Q,()=O(n) and Q,()-0(). 
5. Proof of the Theorem. It is known that by (1.6) 
1 nfn E. 
ANE E EN NS AG ae 
(rade AS js) 
and let 


Mana Aa ee 9) Air sin(k +1/2)J:dt 


2n(1+ q)" “sint/2 ¿20 
Similarly 
1 n 9 (e) en n-k o: 
nly) = Et(fiy)- FO) == cy A sin(k + 1/2)tdt 
and 
1 BE (t) c ) n-k o: k+1/2 dt 
Sn (y) lo mod Soy wt 2 ni sin(k +1/2) 
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9,0) * sin e S 
imm zu oh, js =p MA Jk p la 
Ag 
=1,+ I, (Say). (5.1) 
Now, 
le. (0-6, 6] elite) PG - 0- 2/6 2) iG 0- f -t)-2£ 0) 
«|f(ct)- fe) +|F(«)- fen \f(y+2)- fo)* IfG)- (y -£) 
< kw(t)+ kw(t)+ hw(t)+ kwlt) 4 
< Akw(t) (53) 
.6)- 6, <|f(e+t)- foit) ffe 0) fo -£) 216 6)- fO) 
e ku(xt- y ls kw(x t - y+ t^ 2kw(x — yl) 
< Aku x - EI (53) Cc 
From (5.2) 
— WS Se I nk sin(k-+1/2)t dt E 
d 2n(1+q)" °° sinż/2 pao “sin(e+1/ 
-o() ^" w(tyo, (ae by (4.3) and (5.2) 
-0()[" "^ w(t) at by (4.1) T 
= Olnw(r/nXx/n)] ; ; e 
=O(w(n/n)). (54 S 
Consider, 


ie 1 T $.(t)- 9 (t n 

jp, .—— (ze ec 

à icy n sint]? eh Sain (esa/2pdi 
ee, $ by (4.2) 
= Olw(x/n)flogt) SS 
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Combining (5.4) and (5.5) 
I = Ollogn w(x/n)] 
Again using (5.3), 
n/n $.()-6,() NN d 
- - ` 1 ` nb 11/2 
h k sint /2 (1+) Sek sin(% + 1/2) dt 


k=0 


= O[n w(x E xXx n)] 
- Olw(x - y) (5.6) 


and 


$,()- 6, () 


ui 
es E: sint/2 


(Leq)y” a sin(k + 1/2)t dt 


>= 
U 
e 


E Ollog,, wlx - BI : (5.7) 
Combining (5.6) and (5.7) we get, 


ike Oflogn wx - y | 
Writing, 
T= phon 


I - Ollogn w(n/n)]?/"flog n w|x - Jl" 


= Ologntuta/n) (wlx =) m] ; 
Thus, 


Sup Ag. (+) = sup = 
Xy X w 


ETE 


» w*x- » 


= olog n (utan) Ya) : 


Finally 


ku = max 


Osxs2z' 
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Thus, collecting the above estimates, we have 


jg: rte]. detail" 


This completes the proof. 


Corollaries . If we put n= au(x -)s As - yl „w x = yl < k|x — y! e 


Corollary 1. For feH,, 0<a<1,0<B<a for all xe[0,27] then 


O 
(0) 


Bela rl 


Corollary 2. Let fe Lip a; 0 «o «1, then 


|Ea(F:x)- f) = 00) log n) 


Proof put B=0 in the above corallary. 


11) 
[2] 


[3] 
[4] 


[5] 


[6] 


1 
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ABSTRACT 

In the present paper, we introduce a generalization of multivariable 
analogues of generalized Truesdell polynomials, due to Chauhan ([5], p.112, (6.1.3). 
Our polynomials may also be regarded as multivariable analogues of generalized 
Truesdell polynomials due to Chandel ([1],[2],[3],[4]). In the last, we also introduce 
further generlization of our polynomials. 
2000 Mathematics Subject Classification : Pramary 33C70; Secondary 33050. 
Keywords : Multivariable Analogues, Generalized Turesdell polynomials, 
Generating relations, Recurrence relations, Rodrigues' formula. 

l.Introduction. Singh [6] introduced Truesdell polynomials defined 
by Rodrigues' formula : 


: E a d 
ay Ear yo) ae a" beter | Boa, 
Chandel ([1],[2],[3],[4]) studied a class of polynomials defined by 
Rodrigues' formula : 
i _d 
ak =a py ANE da PN oh 
where £z]. 


For £ .], (1.2) reduces to (1.1). 
Chauhan ([5],p.112, (6.1.3) introduced and studied a 


Recently, 
- ell polynomials defined by 


multivariable analogue of generlaized Truesd 
Rodrigues' formula 


(13) Tibure tene onge) 


= h - o, log x, — Pix? ¡e fan logx, — PX; J 
b 


o Nn e mja n lo CES ni , 
oy D helada sche E Ei 


“kh Am x 
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where n, are positive integers,a; "p Pp b are arbitrary numbers m 
hs TE Leen 
complex independent of all variables x;; 5; =x; SS an 
1 
i Y 
It is clear that 
( y 
pen. D ER pai P. 
2 i d p 
(1.4) lim T ? (pisar, ) | 
bases ek 


Fe D. (xr, stat, (x,, mn > Pm) O = 
Motivated by (1.2) and (1.3), here in the present paper we introduce 
multivariable analogue of Chandel polynomials ([1],[2],[3],[4]) 


Dn pena Lg ty pena olas Pr Pm) on awe 
ir Lees KA resta STA ega DTP (Soc n; =1,2,..;:¿=1,...,m) 


MY sedi, 


defined through Rodrigues’ formula: A 


(1.5) PA tin A aa A P ) 


Naela “mn 


3 b 1 - 
T ID log x, E Dix P 000 = (a, log x,, w^ DX ) 
n n, 1 `, E 
Qu Qu VE? log x; E pixy EE log x, — Pm*m Ji | $t Y 
where n; are positive integers, b, Q,’ k; #1, r, p; are arbitrary numbers 
real or complex independent of all variables X;Qx mu SE zc 
D D L Ox; 
For k, 51 (i=1,...,m), (1.5) reduces to (1.3). 
From (1.5) and (1.2), it is also clear that 
EI. Pm 
(1.6) liz + T 
hoyo Dae! (ounce) 
ES (o) u 
I (x, Ns Py AE zs Kx, ms Pm ) : 
where Tuk) i S 
is (x,r, p) are generalized Truesdell polynomials due to uo 
(11,021, /3],(4]) defined through Rodri 


For brevity, we shall write 


he " 
quisi hy sedes iue, X 
peel, tay) 
as 


gues” formula (1.2). 1 
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2. Generating Relation. Starting with Rodrigues' formula (1.5), 


we have 


sc Ka) T 
p A dP Kë m : 
nj vem =O n! ny! 


= i - (e, log x, — pix? )- (Om logo, — Pm Xr ] expl, +... +n, ) 


el, 


(lle log -pixi Pez log =P J IS 


Now applying the familiar result due to Chandel ([1, p.105 eq. (5.2.5); 
Also see Srivastava-Singhal [7,p.76 eq. (1.12)] 


x 


(2.1) SCH (fl) =f 1 


fi- (e - 1x? Jom 


where kx1 and f(x) admits Taylor's series expansion, 
we have 


q ette ten (x, ux 


es kee 
S l S o, log x; = pixi E Jo, log £m = eis | : 


S 

5 NEC UC OE 
2 ES 0 

1-| œ, log 1 


LA eich (aa 


-b 


Tm 
Pm Xm 


x 
Tee] Dan boe E + = 
lt E (Rn ES Ty S | D h ac (kn dE ee n Ka 

Therefore, we finally derive the generating relation 


(uo ANLE ny! 


= : 1 
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{ b 
= kk log x, px Lë . (om log x, — Pun ) 


Si (k, De to 
bien zs, ai (k, - 1) ae | 


jag 
4 oe Ln logit - Fn panda jest e (b, -1 x1 aa PEN 
(Rin -1) 


-b 
shan tt age D. (Rm — T EI 


3. Application of Generating Relation. Making an appeal to 
generating relation (2.2), we have 


w [n tr 
(bdo e Hr Hei GIN n 
XV e e ern ni ! E Nm! 
- STEED G s.) GE is. y O fr 
Es -M Sin "Ze wal toate 20255), =O. WO s & el 2 
Therefore, we finally derive 
(3.1) Ti Lai HA (gs) 
E E Y). (e (b; EBLE) (a UE Wisel Greg ENT 
GHG 5 Sin LUAS ep 78, MT” sys, , 


which can be further generalized in the form 


(9.2) Teta, 


ag 


Sute*5np ` Sat 625, y 3% Jal Zus 
Qs Ate, E 


vé 
4. Recurrence Relations. By making an appeal to (2.2) We E 


Kar 

ti: s n 

Tarakan a) er DX] +...4 p.a!» de GE SE: Si 
mm 


ym 


mon) m 


pas x " Y ze Im ` ii, x 
ME 2, Ti eMe Kangri iecit: Geen erg 108 tn ) 
idi tle Ny c y 


e 


~ 


à 

» 
I 

1 


2 y ifte : (rı Ie, -1) 
Sa 1)" m 1) n ev um o 
e] me sı! Rn m eL 2 Se 2 8)! | 
n EN 1 
(k E 1)” xf ES tp tat DX Y Un " ~ I D. (k, 1)” ata Ten te | 
5,70 Sm 5 d 


Now equating the coefficiants of o Ai: both the sides; we derive 
the recurrence relation 


log x,, ar pixi Teck DS ) 
Dot a Uu log Xn Jr tor (og EM 


F Pig (pixi ( (r /(k; — DIE -a, /(k, EEN Si dza Tebo, ...,x,,) 


4.D(-a, log x; =...- 
= [1 - (e, log x; + 


tet Zi Lost, A, DD), -0n Mn - 1f, Apel 


Sm =0 


T (eder He) (x, cena 


Differentiating (2.2) partially with respect to t,, we have 


¡El log x, — pı xi le kb, log x, — Pin Xn J 
fr) E 


y pesi ge Jat 
Ð Ry rreh (xı vm e — 1) no! Nm! 


Nyon, 20 


~ 
= 
KS 


c S portable) Gs... T 
Ny yy Ny 1 Nn D 


i sona iS 2) Q xp 


m due both the sides, we derive 


=] Ono py (s. —1)t,x; 


s,=0 
Thus equating the coefficients of t; 


oft, 


n+l 


the recurrence relation 
m log Xm + pixi Tt. -+ Pm xz] 


awale Halen ri 1 Initiative ) 


S ba, xh T. (reed yr wea cant 


5,70 
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n r Ry 51 Lët Glo ) 
beta) e Sch UE | (te, - Us i | TA kis] rb] (x 15:08) 


D'EU 


which suggests that m-recurrence relations can be expressed in the 
following unified form : 
H (5;la HEH ) 
(4.3) l-a, log x, =. D log X m + pixi tec E m d d : 2: ee ly m "m. SCH 
M 
= ba, x! Za IS Je -1)x Seid BN. D^ (Cinta el f 
( 
"n Ta qm , k,- 
-bp;r;x > "t E : ca) [e 2:7] mental | (agen). 
Differentiating (2.2) partially with respect to x,, we have 
l-a, log x; —...-a,, logx, + PX] t... pase | 
O mila Ml DANTES 
LT HPD (x, Xm ja... 
Ny vsu, 20 y] Ñ nj! Nm! 
S 1) ¥ piles) GI e 
se CO EOD IT est p» im (x pem... 
O ON ny ! Ny» ! 
«b $ EN > EJE eae See o. (e, - 151, 
Ny vy, =O n! n,,! m ( 
ES si xn*h-? = (r /k, + ky -1 P äi | 
PIC 1)x Sch ty pr klk, =D), Lara De 1 Po 
el 
Now equating the coefficients of ON. As both the sides, we establish X 
(4.4) La, log, —...—0,, log, * pid set pats] $ 
Ê quello) 
OX, Ry yey, oa) 
( 


Dy yeu 


= {Sep pe ret... 2 ZEE Tea DT DAS Letz, sn 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


o BEER 


eT JZ EEG 2 


+ a, (%, Ur" eM (k, —1)x unn AN 


n; -1-s,)! 


- ptr EXPE a 
1 


Si 


173 


7 
| 
| 
] 


which further suggests on-recurrence relations in the following unified 


form : 
; d 5, | piola bro) 
(4.5) (1 -q log x -...-a,, log x,, + PX] +... + px, ) apa ( 


= d a; m px! [PELA sl E LI "dade Nol 
x Kate 


l 


1 n,-l 5 A 
ur ol E tz Zu x ie Gare De volle ` tatio (x 
s;=0 i 


n;-1-s;)! 


n,-l . 
= rat DG [oen] (a) 
An 


s;=0 


Peta) tel. 


Je ulli qal; Sy 
5. Generalization. Consider 


(5. 1) GNI (ag, MS 


= [G(0, logx, - = Pix} toco, 108 Xm sl 


Qn mI lalo, log x, — D +... +0, log Xrm EUM L 


For y, - (b), /n! , (5.1) reduces to (1.5) 
For y, =1/n!, (5.1) defines 
(5.3) EUN He (a... x,) 


DLL 


T Te) ER Team km) (x, 
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here T'*^(x,r,p) are polynomials due to Chandel ([1],[2],[3],[4]) defines 
Ww n Y» 


d 6. Generating Relation. Starting with Rodrigues' formula (5.1) 
we have 
Y tn [n 
Us Hall Welt, Ee 
Y, Rees d bal Nnn! 


1 
1 Tn 
SS ER log x, it px +0 log X, — Pn*m J 
1 Tm 
OA Flm lam Gla, log x- pai ETH log Xa > Dy Ka ) 


E lela, logx, — pixi t... a, log x, — Dyn x," P 


G| a, log za | aa O Tn (7. 
TE hy T Em CE 
i f- (k, - lap WW | GEI Sit 1 


m ENEDEXT 
Foo Oh | = (PQ hec e : 


= = x 
m mm m bm m 


Thus we derive the generating relation 


315105) A 
(6.1) is ul 


Nc 
E lelo, log, - pixi +... + ap logx,, — p, x» P | 


G| a mes zt px o 
| t= kat") KG uch? 


“tol Xn Maa AI o 
+..+Q pa) mE IG 


m 


: wib 
7. Recurrence Relations. Differenting (6.1), partially 
respect to t, we have 


KE es e 


peta em > 


Dj eg =0 nj! nj! (n; - 1) Ni! Mpa! 


= lala, logas Buftkufiandretgllogon; tarigan Ankèt Initiative 
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"C potere eee 


= lela, log x, — pixi +... + Om logx, Bai Fc 


eue 
oat Ap nah oh sat RE a etr 


s¡=0 DEN s;! 


Similarly differentiating (6.1) partially with respect tot, we have 
< alik tiri em t pu t AE 1 the 
(7.2) e |, a Pa ai 


tag make m! nja! n; n! njl “Mm! 
1 
= lalo, log x, - px} +...+0,, log x, - px) G 


Jo r; » 
xn Y fk,- (ir Suc 2b pa! y. a saja 5j patina C E che 
2 


E 


o 


Now eleminating G' from (7.1) and (7.2), we obtain 


r 


J IF II 


Je | 
nah? Yl, ae | E OE ki che E 


B Do E pen 2 th 
` SE 
ib | n! 


-1) “ni 
Pie =0 Nya! (n; 1) n, nisa! Nn: 


ate n wi Tee 


=| osx Ntt, Ab scho pathy, 


3,=0 5,20 
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n,-1 yu n, J 
m pu CR gh» 
e D Use Es EES (1 
H Ee I ci) Baal Bell: 


Diss =0 


Hence equating the coefficients of ¢;"...t, both the sides, we deriy, 


m(m-1) recurrence relations in the following unified form : 


(7.4) PPP (n; Xm) 


[1] 
[2] 
[3] 
[4] 
[5] 
[6] 
[7] 


Na. 


gs 


mese cn) 


Ü 


GOA) 


(xis) 
Typ ni ln; yeso ja nj-8j Mj 1 yey NEL m 


= axt d 2 Dar y oo ¡741,841 ee Ttm (x, Z) 
[had i 1 1 GEES 1» i=l Zodi J J 


-n pa * | IS — 1 y D ) 


m p= Aas ied 
oan ee MHL Nj) ee (ux) zi 
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E ABSTRACT 

Emerging spatial database applications will require this availability of 
various index structures due to the heterogeneous collection of data types they 
deal with. Modern GIS can accept different kinds of data after resturcturing and 


ns, 


16 partitioning the spatial data depending on application. This paper introduces the 
new domain decomposition algorithm to create a valuable set of spatial data to 
ut , Speed up the performance of hybrid GIS Data set. SP-quadtree is an interesting 
choice for spatial databases, GIS, and other modern database systems. In the 
p following section concerned algorithm is examined and the experimental results 
1); have also been presented in this paper. 


2000 Mathematics Subject Classification : Primary 68P05, Secondary 68P15. 
: Keywords : GIS, Quadtree, B--tree, hybrid data 

1. Introduction. Complexities are involved in the access of spatial data. 
There are problems in handling of these spatial database in: “query operations in 
Single machine and multi machine environment. A single query locks the entire 
Spatial data to maintain data consistency for its sole processing and prohibits its 
access by other query process. Number of queries can run concurrently if the locks 
Can be arranged in sub domain related to that query. There exists a possibility to 
Partition the spatial. @omtinkdatecsetintesdisjoint ssihsdamgincdata sets. The data 


: a 
LE 


structure in hierarchical fashion makes a provision for managing locks on au 


domain. Thus a query process will lock only the relevant sub domain of Spatial ! 
database leaving other sub domain to be managed by other concurrent query on e 
several computing units. t 

Therefore, a detailed study is required for the common features among the * 
members of the spatial space partitioning tecniques aiming at the capability of ti 
representing and producing the partitioned spatial domain data. Moreover, a new p 
extensible index partitioning tecnique is required to support the class of Space i 
partitioning data structures for a domain. 1 

2. Space-Partitioning Trees : Overview, Challenges 

A single guery locks the entire spatial data to maintain data consistency 1 
for its sole processing and prohibits its access by other guery process. Number of i 
queries can run concurrently if the locks can be arranged in sub domin related to * 
that query. There exists a possibility to partition the spatial domin data set into s 
disjoint sub domin data sets. The data structure in hierarchical fashion makes a d 
provision for managing locks on sub domin. Thus,a query process will lock only d 
the relevant sub domin of spatial database leaving other sub domin to be managed d 
by other concurrent query on several computing units. 

Emerging GIS spatial data applications require the use of new indexing 2 
structure beyond B+tree, R tree [01] [08]. The new applications need different 3 
structure to suit the big variety of spatial data e.g. multidimensional data. The e 
space partitiong trees are well suited for such multidimensional relational spatioal o 
data. The term space-partitioning refers to the class of hierarchical data structure r 
that recursively decomposes a certain space into disjoint parttions. The structural n 
and behavioral similarities among many spatial trees create the class of space n 
partitioning trees [03]. Space-partitioing trees can be differentiating on th R 
SE differences (i.e. types of data, resolution, structure etc.) and behavior > 
differences (i.e. the decomposition principles). The main characteristic of SÉ. sl 


partitioning trees for spatial data is th 


Nd into disjoint (non-overlapping) regions. Partitioning can be either (1) spa 
driven that decomposes the space into equal-sized partitions regardless of the dà 


at they partition the multidimensio? d 

$ 

distribution, its means the space is partition physically [07], (2) data-drive? thet : 
T 

h 


` : 0 
splits the data set into equal portions based on some criteria, e.g., based on q 


. D 1 T ce 
the dimensions. This refers the partition is made logically for spatial data of sp? 


[07]. So if the principle of dec i dri | 
omposin t 1 it is calle d data 
decomposition, whi posing on the input data, it is c ai B 


SC z le if it is dependent solely on the space, it is called space 
decomposition. E A ama, i 


ep AE a BH 5, 
There are many typ ng : . I cT see 
Ade es of trees i.e; Height ine Tree, R-trees, 
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KD-trees, PMR-trees etc. in the class of space partitioning trees that differ from 
each other in various ways. Some of the important variations in the context of the 
tree data structure are: 

*Path Shrinking. Two different types of nodes exist in any space-partitioning 
tree, namely Indexed node (internal nodes) and data nodes (leaf nodes) [06]. The 
problem is associated as how to avoid lengthy and skinny paths from a root to a 
leaf. Paths of one child can be collapsed into one node. The address nodes are 
merged together to eliminate all single child internal nodes. 

*Node Shrinking. The problem is that with space-driven partitions, some 
partitions may end up being empty. In this strategy no indexed node will have one 
leaf node as user decomposes only when there is no room for newly inserted data 
items. ' 

* Clustering. This is one of the most serious issues when addressing disk-based 
space-partitioning trees. The problem is that tree nodes do not map directly to 
disk pages. In fact, tree nodes are usually much smaller than disk pages. Node 
clustering means choosing the group of nodes that will reside together in the same 
disk pages. 

The quadtree structures, used to code spatial data, have been geometrically 
varied. A quadtree is a representation of a regular partitioning of space where 
regions are split recursively untill there is a constant amount of information 
contained in them. Each quadtree block (also referred to as a cell) covers a portion 
of space. Quadtree blocks may be further divided into sub-bloks of cqual size 
recursively. In many hierarchical partitioning of the space has been in terms of 
regular-shaped squares and each may be produced to different users in parallel 
manner. However, with some structures [06] the data themselves have been used 
to determine the position and shape of the subdivisions. The distribution or position 
of the points, lines, and vectors may be used to divide the space into irregular 
shape at each subdivision so helping to represent the variations in density and 
distribution of data values at various scales. The main problem with existing 
quadtrees with spatial data is the loss of explicit topological referencing [04], 
because of paths of sub-block can be collapsed into the block and that the precision 
of point and linear features are limited. So the existing quadtree structure is not 
well suited due to the importance of referencing for hybrid relational GIS Data. 
The new proposed SP-Quadtree data structuring techniques may be used with 
hybrid relational GIS data where the presence or absence ofan attribute determines 
the coding of a quadrant for parallel GIS and does not loss the topological 


referencing. : 
Another problems of node shrinking in which empty node exists after some 
-U. GUruKU 
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time this becomes valuable (e.g.flood, new building) and block becomes im 
This work includes the concept of data warehousing i.e. non-volati] 
Quadtrees and contains the previous information. 

In comparisons, updating the attribute data is trivial; provide the Onetto. 
one links between attribute data records and the spatial entities remain unaltered. 
Traditional database systems empoly indexes on alphanumeric data, usually based 
on the B-tree [01] [02], to facilitate effcient query handling. Typically, the database 
system allows the users to designate which attributes (data fields) need to he 
indexed. However,advanced query optimizers [14] [12] also have the ability to create 
indexes on un-indexed data of temporary results (i.e., results from a part of the 
query) as needed. In order to be worthwhile, the index creation process must not 
be much time-consuming as otherwise the operation could be executed more 
efficiently without an index. Spatial indexes such as the SP-quadtree are important 
in spatial databases for efficient execution of queries involving spatial constraints, 

espectially when the queries involve spatial joins. This research investigates the l 
issue of speeding up building domain based on SP-Quadtree for a set of spatial ] 
data and develops an algorithm to achieve this goal. Spatial indexes are designed t 
| 
€ 
1 


Portant, 
e in gp, 
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to facilitate spatial database operations that involve retrieval on the basis of the 
values of spatial attributes. If the database is static, user can afford to spend more 
time on building the index as the index creation time can be amortized over the 


number of queries made on the indexed data. However, this research considers the 
case that the database is dynamic. This situation arises when the output of 2? 
operation. In this case, evaluation of the effeciency of appropriateness of a par ticular 


spatial index must also take into account the time needed to build an index on P 
Toms oz the operation. The time to bulid the spatial index plays an importa? 
role in the overall performance of hybrid relational GIS database. 


Level 2 
CC-0. Gyrukul Kangri-C&llectidn. Háridwár. An eGangotri Initiative 
Figure 1:34 SP-Quadtree Implementation 
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int, SP-Quadtrees can be implemented in many different ways. A key aspect of 
SP. implemenation of the SP-Quadtree is its splitting rule in which regions are split 

recursively into quadrants. The method presented here, inspired by viewing them 
-to- as trees, as shown in figure 1, in which SP-quadtree is two dimensional space in a 
ed, 4-way branching tree that represents a recursive decomposition of space wherein 
sed at each level a sguare subspace is divided into four egual size sguares (i.e. guad 
as | block or cell) labeled the north-east, north-west, south-east, and south-west 
he quadrants. So the area of each quadrant at level 1 is one fouth of area of level 0. 
ate Area L, -1/4 Area Ly 


the At level 2 


not Area Ly = (1/4)? Area Ly. 

ore In general, the area or space at any level of one qualrant can be represent as 

ant Area L; = (1/4)! Area Ly. 

nts, Quad blocks are managed in row, column order in SP-quadtree. At first 
the level (n 20) SP-quadtree contains one row (i=1) and one column (¡=1), at second 
tial level (n=1) SP-quadtree contains two rows (i=1,2) and two columns (j=1,2), at 
ned third level (n 22) SP-quadtree contains four rows (i=1,2,3,4), and four columns 
the (¡=1,2,3,4), at fourth level (n=3) SP-quadtree contains eight rows (¿=1,2,...,8) and 
ore eight columns (j=1,2,...8). In general at a level (n=n), the SP-quadtree contains 2” 
the rows (i.e. 1,2,...,2^) and 2” columns (i.e. 1,2,...2”). Each quad block contains the 
the control point (CP) at central location for maintaining the reference of next level 
an control points and denoted as CP Level row column inforior (e.g. CP 1,5). At level 
Jlar zero the control point is noted as CP, at level one (n=1) SP-quadtree contains a 
the set of four control points (i.e. CP 1,,, CP 1,2, CP 121, CP15?). So at any level (n=n) 
ant there exist a set of control points, that may be represented as 


{CPn jj} where 1 «j« 2^ and 1« j «2^. 

Any control point at any level contains the referencing information of next 
level control points. For example at level zero, control point (CP 0,,) contains the 
information of level 1 control points as a set of four control points (i.e CP Lu 
CPI, CP15,, CP155). The referencing set of control points at any level can be 
represented as aga. ; 

CPn;- (nl aa CPR+ Leij» CPntloizia» (PT gian 
: The vs Sari size with control points of each child leaf block is encoded 
in such manner so that they do not loose the referencing and are used as a key into 


an auxiliary disk-based data structure. This approach is termed a linear SP- 


Quadtree. If control point varied from original location to another point location 
is termed as Point SP-Quadtree. This situation is useful when space partitioning 
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3. Algorithm. This section gives the algorithm with description for spati 

data domain decomposition. The SP-quadtree node definition in our spatial d . 
decomposition algorithm is described as the C language structures. This Structures 
starts with initiation for length and level of the domain and decides the control 
points. When the domain is decomposed, it forms rows and column so this structure 
contains the information for start and end for rows and columns. 

typedef struct SP quadnode_struct 

{ 

int lengtt::/" sguare side length of the node*/ 

int level;/* a parameter to control how deep a node should be divided*/ 

int control pt num;/* number of control ponts in this node*/ 

int startrow;/* start row number of this node in global grid*/ 

int startcol;/* start column number of this node in global grid*/ 

int endrow;/* end row number of this node in global grid*/ 

int endcol;/* end column number of this node in global grid*/ 

) SP. Quadnode; 

For the implementation, a SP-Quadtree is stored in a single direction list 


as the following C language structure shows. typedef struct SP quadnode list. 
Struct 


(i 

SP. Quadnode quad; 

struct object list struct*next,/* Pointers to next SP Quadnode object*/ 

) SP. Quadnode list node; " 
Proposed SP-quadtree-based spatial domain decomposition algorithm p 

designed for general use and it can produce scalable geographical workloads me 

can be allocated to available computational resources and speedup the performan 

of hybrid relational databases. The algorithm addresses the decomposttit! 

challenges [05] that are centered on finding efficient data parititions that a 

assigned to each GIS resource. The SP Quad, Decompose algorithm has two EN 

parameters; level and min_length. In SP ‘Quad Decompose, these two paramet?” 

together with information about the number of control des at each SP SEET 

node are used to determine the level and location of recursive division: ^". h 


paccution of SP -Quad Decompose, those parts of a region that contain * 
density of control points are 


Omain 


gdire 


recursively divided until the level of their SP ee jon 
T 


intermediate density of co i : ae 
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First of all the algorithm initializes the first node of SP-Quadtree rather 
than assigning the level to current node in the step 1 and 2. In the step 3, algorithm 
tests the conditions for splitting the node. If qual level is not greater than zero, 
stop the algorithm (i.e. steps 3.a.2). The algorithm is also break of quad length is 
not greater than minimum length through step 3.b. If current node has to be split, 
generate the four children for north-east, north-west, south-east and south-west 
regions of current quad node and assign the control points for them than current 
quad node has been removed. The four new children of the deleted quad node have 
been appended at the end of list. The algorithm is desctibed as follows in figure 2. 
SP Quad Decompose (int /evel, int min length) 

1. Initialize the first node of a SP quadtree/* curr is the pointer that is always 
pointing to the currently accessed node*/ 

2. curr-> SP quad. level =level 

3. while (TRUE) 

{ D 

3(a). if (curr-2 SP quad.level- 0) 

{ 

3(a.1). if (curr->SP_quad.length>min_length) 

{ 

3(a.1.1). Intialize four children of this node: 

p. Sw, p. se, p nw, p. ne 

3(a.1.2). Assign control points to four children 

3(a.1.3). if (curr-2 SP. quad.control pt num» -SEARCHNUM) 
/*SEARCHNUM is the k in k-nearest neighbor search*/ 

{ 

p_sw->SP_quad.level=curr->SP_quad.level-1; 
p_se->SP_quad.level=curr-> SP quad.level-1; 
p_nw->SP_quad.level=curr-> SP_quad.level-1; 

p_ne-> SP _quad.level=curr-> SP_quad.level-1; 

) 

3(a.1.4). else 

{ 

p_sw->SP_quad.level=curr->SP_quad.level; 
p_se->SP_quad.level=curr->SP_quad. level; 

p nw-»SP quad.level- =curr->SP_quad.level; 

p_ne-> SP_quad.level=curr->SP_quad. level; 

} 

3(a.1.5). Add four children dg Geet In, Morten arder and delete the current node 
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that curr is pointing to control point. 
y ; 
3(a.2). else 
| if ((curr->next)=NULL) 
| break; 
| else 
| curr=curr->next; 
} 
3(b). else 
if((curr->next)= NULL) 
break; 
else 


curr=curr-> next; 


} 

Figure 2: An Algorithm for SP-Quadtree based Domain Decomposition 
The splitting module of step 3 of algorithm in pictorial manner is shown 

in figure 3. This points the current node which has to split than generate the 


four children. The current node is removed and four new children are appended 
at the end of list. 


Figure 3: Formation of Quad using 


List in SP-Quadtree Algorithm 


Using two parameters: / : 7 
. : level and min 1 ad Dec 
algorithm produces balanced w MEE. the SB 9u 


i orkloads of two types: extensive un-interP 
areas 3 3 
SECH E number of contro] points and compact un-interpolated are? 
specify Gom Se equal to zero)number of control points. However, x ; 
wo ` 
parameters to determine the granularity of workloads acco: Se 


to the computing capacit : le, H 
f city of their accessibl For examp!® 
can increase min JERAR OMENIE TEE Sa eA a T oads, These Ma 


mpo* 
olat 


D ——wh 


185 


which are specific to this 2000 by 2000 problem, represent the side length of Hybrid 
cells generated from the Clarke algorithm [12]. These values can easily be converted 
to real world units or ratios based on the size of entire GIS data sets. 

4. Performance Evaluation. The domain decomposition algorithms 
descrived in the previous sections are evaluated using the four datasets on SUN 
FIRE X4200 m2 system of two 2.4 Ghz duel core AMD optern 2000-series processors 
with 4 GB DDR2/667 ECC registered memory. The system architecture contains 
three 8.0 GB/sec hyper transparent links per processor and 10.7 GB/sec access 
between each processors and memory, and has four channel SAS interface with 
SUN RAY server softwere with solaris 64 bit. For each dataset, two parameters in 
SP Quad Decompose algorithm (level and length) were adjusted to determine the 
parameter configurations that yield the best performance (i.e., minimum computing 


time), and also calculated speedup S, which is defined as 

S=t1/tn(eq no.1) 
n ` where £1 is the run time realized on a single processor that is selected by the 
m broker (the selected processor is the fastest one among all avilable hardware 

environment); and tn is the computing time when multiple processors are used to 
d conduct computations. 


For the uniformly distributed data, the single parameter level was adjusted 
because length does not affect the process of decomposing the spatial domain. 
Different level values were chosen to observe which level value achieves the best 
performance. All resources are used except that when level is equal to 1, two sites 
are used because only four jobs are generated by the SP Quad Decompose 
algorithm. It was found that when level is equal. to 2,the best performance is 
achieved because of the characteristics of the Grid computing environment and 
the problem being addressed. In particular, there is an overhead penalty imposed 
on each job that is generated by the SP Quad Decompose algorithm. This penalty 
can be expressed in the following equation: 

P-Ti4Tj(eq no.2) where Ti is the job initiation time. 

Table A and figure 4 show that without decomposition it takes more time 
when decomposition starts on different level and different length. It reduces the 
computing time when at large level and length it becomes steady due to increase of 


ys decomposition overhead. 
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Figure 4: Comparison of computing time f 
"Figure 5 compares the execution time when SP-quadtrees for the point data T 
with that for a general quadree. The execuation time appears to grow linearly E 
with the dimension for both algorithms. This is to be expected, since the size of ` 
the point data as well as the time to compute geometric operations grows linearly p 
with the dimension. The quadtree algorithm is slightly faster for all dimensions A 

but the difference between the two techniques gradually decreases as the number 
of dimensions increase. This difference corresponds to the overhead (in terms of : 
execution time) in the SP-quadtree algorihm due to the use of the pointer-based 5 
guadtree. However, the relative parity of the two algorithms is only achieved when k 


the improved SP-quadtree algorithm is used. Without it, the execution time for f 
the SP-quadtree algorithm &rows exponentially with the dimension. d 


B 
t 
5 
E 


No. of Dimensions 


; a -naliti 
Figure 5: Execution Time for Quadtrees and SP- Dimensional 
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of this paper is to investigate and speedup the performance of a hybrid GIS data 
set in parallel manner. A SP-Quadtree-based domain decomposition algorithm was 
developed and evaluated when used uniformly distributed and clustered datasets 
in the hybrid computing environment. The results show that for a dataset with a 
uniform random distribution,the domain decomposition algorithm scales well 
given the available GIS resources. More specifically, speedup is increased when 
additional resources are used. As expected, sites with larger computing capacities 
contributed more to observed increases in speedup. Future work may include the 
same methodology for more complex oprations such as spatial joins. 

6. Future Scope. To improve times related to a distributed query, the 
final cost of the operation shoud be reduced. This cost is made of processing and 
communication costs. The latter one have greater impact on the final response 
time. Despite the reduction of the number of messages exchanged between servers, 
it is important to emphsize the need for an adequate operating system and network 
tuing when using high performance network paths [09] [10] [11] [13]. Load balancing 
is another big challenge to be highlighted since geographic slices produced by the 
broker though hot considered here but may affect the space partitioning. The work 
may be extended to investigate whether the buffering strategies for bulk-loading 
may be used to speed up dynamic insertions and queries. Also, the fact that the 
system can build quadtrees effciently will enable user to build a spatial query 
processor that exploits this to construct spatial indexes for temporary results or 
for un-indexed spatial relationship prior to spatial operations on them. 
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ABSTRACT 
In the present paper, an attempt has been made to bring basic 
hypergeometric functions with in the perview of Lie theory by constructing a 
dynamical symmetry algebra of basic hypergeometric function ,®,. Multiplier 
representation theory is then used to obtain generating function for basic analogues 


of Gegenbauer polynomials. 
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1. Introduction. The g-analogue of the Gauss function or Heine's series 


(1.p.259, eqn(1)] may be written as 
¿D,(a,b;c;q;x)= S la; g.n]l6;9,n)p" llosa] al! 
n=0 


(where c + 0,-1,-2,..., |g| «1 and ld «1) 


Here [a;q,n] and [n;q]! are respectively the basic Pocchammer's symbol and basic 


factorial function defined as [a;q,n]= [a; q ]la + 1:q]..[a +n-1;q) and 


[n;g]t- (1; q] [2:4] --[n;a]. 
The basic differential operator Bj is defined [1, p.259, eqn (2)] by the relation 
B ane) - (o(ax) - sti 2 llection, Harid i Jnitiati 
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(1.1) 
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algebra of the hypergeometric function has been defined by Miller[2]. We use the 


same technique to define the dynamical symmetry algebra of ,& 


ary a p 1 
Let 9,4, A AA bn m 
be the basis elements of a subspace of analytical functions of four variables X, Su 
and t, associated with Heine's basic hypergeometric fucntions of Heine's Series, 


¿D, . Introduction of variables s, u and t renders differential operators independent 
of parameters o,B and y and thus facilitates their repeated operation. 


The dynamical symmetry algebra of ¿0, is a 15-dimensional complex Lie 


algebra isomorphic to s/(4), generated by twelve E^-operators termed as raising 

or lowering the corresponding suffix in O,5,,. 

The E^-operators is E^ 44 = s(x(1 =%)Boqx € TB^,; -sB^ 44 — xuB qu) ...(2,2) 
The action of this operator on D, y, is given by 

E -a9®o 49 7 [t -13]91, 5, (3) 


Twelve E^-operators together with three maintenance operators J,,J,.4, and 


Identity operator I form a basis for gl(4)= s(4(I), where (1) is the 1-dimensional 
Lie algebra generated by I. 
Here Jd = BJ, = ads asdf na = Bas and J^ =I QU 


with the results 


J^ Dp = ab, Ba, "DALY Dr ng = Bake, Bag 


J^, Panra = iaasa and I^ Og O, (2.5) 
3. The Generating Function for Basic Analogues of Gegenbaue 


Polynomial. The action of one parameter subgroup (exp, OT" generated by 


the operator E^... defined in (22) on &, ,,, defined in (2.1) can be computed” 
the multiplier representation method. | 


Using the technique of Miller [3] it can be seen that the transforma" : 
(8. 


x x8/(a(x-1)+s),s > s—a,u u(s=a)/(a(x-1)),t > st/(s-2) 
determine the action. 
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(exp, CES c KDE x lr, (y- aJr, T. (o. VT, (v )x ¿D o; [u,p;y;q;xs /(a(x -1)+s)] 
x (s-a) (u(s - a)/(a(x —1))) (st As alt (8.2) 


On the other hand by expansion, we get 


(exp, E^... AE ZE [a — mi], [mq], (y -0 +m)r, (a =m)/r, (y) 


x ¿y lag” Beeler (3.3) 
Equating these two values of (exp, (SION joo we get identity 


e af" (ale - 1) s)" s x s, [0,P;1:9,x5/(a(x - 1) all 


- Xh^lr-osab all soi ba" gls”) 


m=0 
For example, Putting o 5 0,52 LB A4m,y — 1/2,q >q* and then x x?, we 


get 


(sat a+ax d -5h ™11/2;q],,(1/2; a]/[m;q]! hx o AE mit mi2;g^;x?]. 


m= 


o 


(3.5) 
By the definition of basic Gegenbauer polynomials [4] 


(Che (apes) = cone m, mjl2;q*;x! , (3.6) 
Using (3.6) in (3.5), we get the generating function 


(a) vest? = Y fa” [1/2:0], bieles, (s) (3.7) 
m=0 
for basic Gegenbauer polynomials. 
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